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ABSTRACT. We prove that both the local and global Al-degree of an endomorphism
of affine space can be computed in terms of the multivariate Bézoutian. In particular,
we show that the Bézoutian bilinear form, the Scheja—Storch form, and the A'-degree
for complete intersections are isomorphic. Our global theorem generalizes Cazanave’s
theorem in the univariate case, and our local theorem generalizes Kass—Wickelgren’s
theorem on EKL forms and the local degree. This result provides an algebraic formula
for local and global degrees in motivic homotopy theory.

1. INTRODUCTION

Morel’s A'-Brouwer degree [Mor(6| assigns a bilinear form-valued invariant to a given
endomorphism of affine space. However, Morel’s construction is not explicit. In or-
der to make computations and applications, we would like algebraic formulas for the
Al-degree. Such formulas were constructed by Cazanave for the global Al-degree in di-
mension 1 [Caz12)], Kass-Wickelgren for the local A'-degree at rational points and étale
points [KW19], and Brazelton-Burklund-McKean-Montoro-Opie for the local A'-degree
at separable points [BBM™21]. In this paper, we give a general algebraic formula for the
A'-degree in both the global and local cases. In the global case, we remove Cazanave’s
dimension restriction, while in the local case, we remove previous restrictions on the
residue field of the point at which the local Al-degree is taken.

Let k be a field, and let f = (f1,..., fn) : A} — A7 be an endomorphism of affine space
with isolated zeros, so that @ := k[z1,...,2,]/(f1,..., fn) is a complete intersection.
We now recall the definition of the Bézoutian of f, as well as a special bilinear form
determined by the Bézoutian. Introduce new variables X := (X;,...,X,,) and YV :=
(Y1,...,Y,). For each 1 <i,j < n, define the quantity

A — fz'(}/lv"'ay}—ijw"?Xn)_fi(lflw"ay}vXj—l-lu"'?Xn)
Y X; =Y,

Definition 1.1. The Bézoutian of f is the image Béz(f1,..., f,) of the determinant
det (A;;) in kK[X,Y]/(f(X), f(Y)). Given a basis {as,...,a,} of Q as a k-vector space,

there exist scalars B, ; for which

Béz(fi,.... fa) = Y Bijai(X)a;(Y).
ij=1
We define the Bézoutian form of f to be the class 8y in the Grothendieck-Witt ring

GW (k) determined by the bilinear form @ x  — k with Gram matrix (B; ;).
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For any isolated zero of f corresponding to a maximal ideal m, there is an analogous
bilinear form [, on the local algebra Q). We refer to 3y as the local Bézoutian form of
f at m. We will demonstrate that both 8 and (. yield well-defined classes in GW (k).
Our main theorem is that the Bézoutian form of f agrees with the Al-degree in both
the local and global contexts.

Theorem 1.2. Let chark # 2. Let f : A} — A} have an isolated zero at a closed point
m. Then S, is isomorphic to the local A'-degree of f at m. If we further assume that
all the zeros of f are isolated, then 3, is isomorphic to the global A'-degree of f.

Because the Bézoutian form can be explicitly computed using commutative algebraic
tools, Theorem provides a tractable formula for A!-degrees and Euler classes in mo-
tivic homotopy theory. Using the Bézoutian formula for the A!-degree, we are able to
deduce several computational rules for the degree. We also provide a Sage implementa-
tion for calculating local and global Al-degrees via the Bézoutian at [BMP].

Remark 1.3. The key contribution of this article is computability. Building on the work
of Kass-Wickelgren [KW19], Bachmann-Wickelgren [BW20] show that the Al-degree
agrees with the Scheja—Storch form as elements of KO°(k). In Theorem , we show how
this immediately implies that the A'-degree and Scheja—Storch form determine the same
element of GW (k). Scheja—Storch [SS75| showed that their form is a Bézoutian bilinear
form (in the sense of Definition [3.8} see also Lemma and Remark [4.8), which was
further explored by Becker—Cardinal-Roy—Szafraniec [BCRS96|. Putting these results
together shows that the isomorphism class of the Bézoutian bilinear form is the Al-
degree.

In dimension 1, Cazanave [Caz12] gives a simple formula for computing the A'-degree as
a Bézoutian bilinear form in the global setting. However, it is not immediately clear how
to adapt this to higher dimensions or the local setting. Becker-Cardinal-Roy—Szafraniec
show how to compute Bézoutian bilinear forms in terms of “dualizing forms,” but this
method is computationally analogous to using the Eisenbud—Khimshiashvili-Levine form
to compute the Al-degree [KW19]. In the proof of Theorem [1.2] (found in Section [5)), we
show that our two notions of Bézoutian bilinear forms (Definitions|1.1{and agree up
to isomorphism. Since Definition is the desired generalization of Cazanave’s formula,
this enables us to calculate A'-degrees in full generality.

1.1. Outline. Before proving Theorem|[I.2] we recall some classical results on Bézoutians
(following [BCRS96]) in Section [3| as well as the work of Scheja—Storch on residue
pairings [SS75] in Section . We then discuss a local decomposition procedure for the
Scheja—Storch form and show that the global Scheja—Storch form is isomorphic to the
Bézoutian form in Section [4.I} In Section [5] we complete the proof of Theorem
by applying the work of Kass—Wickelgren [KW19| and Bachmann—Wickelgren [BW20)]
on the local Al-degree and the Scheja—Storch form. Using Theorem we give an
algorithm for computing the local and global A'-degree at the end of Section [5.1], available
at [BMP]. In Section @, we establish some basic properties for computing degrees. In
Section [7], we provide a step-by-step illustration of our ideas by working through some
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explicit examples. Finally, we implement our code to compute some examples of A'-Euler
characteristics of Grassmannians in Section [§f We check our computations by proving a
general formula for the A!-Euler characteristic of a Grassmannian in Theorem . The
A'-Euler characteristic of Grassmannians is essentially a folklore result that follows from
the work of Hoyois, Levine, and Bachmann—Wickelgren.

1.2. Background. Let GW(k) denote the Grothendieck-Witt group of isomorphism
classes of symmetric, non-degenerate bilinear forms over a field k. Morel’s Al-Brouwer
degree [Mor06, Corollary 1.24]

deg : [P}/Py ", Py /Py ar — GW(k),

which is a group isomorphism (in fact, a ring isomorphism [Mor(04, Lemma 6.3.8|) for
n > 2, demonstrates that bilinear forms play a critical role in motivic homotopy theory.
However, Morel’s Al-degree is non-constructive. Kass and Wickelgren addressed this
problem by expressing the Al-degree as a sum of local degrees [KW21), Lemma 19] and
providing an explicit formula (building on the work of Eisenbud-Levine [EL77] and
Khimshiashvili [Him77]) for the local Al-degree [KW19] at rational points and étale
points. This explicit formula can also be used to compute the local A'-degree at points
with separable residue field by [BBM™21|. Together, these results allow one to compute
the global A'-degree of a morphism f : A? — A? with only isolated zeros by computing
the local Al-degrees of f over its zero locus, so long as the residue field of each point
in the zero locus is separable over the base field. In the local case, Theorem gives a
commutative algebraic formula for the local Al-degree at any closed point.

Cazanave showed that the Bézoutian gives a formula for the global Al-degree of any
endomorphism of Pj [Cazl2]. An advantage to Cazanave’s formula is that one does
not need to determine the zero locus or other local information about f. We extend
Cazanave’s formula for morphisms f : A} — A} with isolated zeros. The work of
Scheja—Storch on global complete intersections [SSTH) is central to both [KW19] and our
result. We also rely on the work of Becker—Cardinal-Roy—Szafraniec [BCRS96|, who
describe a procedure for recovering the global version of the Scheja—Storch form.

Theorem has applications wherever Morel’s Al-degree is used. One particularly suc-
cessful application of the Al-degree has been the Al-enumerative geometry program. The
goal of this program is to enrich enumerative problems over arbitrary fields by producing
GW (k)-valued enumerative equations and interpreting them geometrically over various
fields. Notable results in this direction include Srinivasan and Wickelgren’s count of
lines meeting four lines in three-space [SW21], Larson and Vogt’s count of bitangents to
a smooth plane quartic [LV21], and Bethea, Kass, and Wickelgren’s enriched Riemann—
Hurwitz formula [BKW20]. See [McK21, Pau22| for other related works. For a more
detailed account of recent developments in A'-enumerative geometry, see [Bra21, PW21].
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Ostveer, and Kirsten Wickelgren for helpful comments. We thank Kirsten Wickelgren
for suggesting that we make available a code implementation for computing local and
global Al-degrees. Finally, we thank the anonymous referee for their helpful comments,
suggestions, and corrections.
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2. NOTATION AND CONVENTIONS

In this section, we fix some standard terminology and notation. Let k£ denote an arbitrary
field. We will always use f = (fi,..., fn) : A} — A} to denote an endomorphism of
affine space, assumed to have isolated zeros when we work with it in the global context.
We denote by @) the global algebra associated to this endomorphism

0= k;[:):l,...,xn]'
(fla SRR fn)
The maximal ideals of @ correspond to the maximal ideals of k[zy,...,x,] on which f
vanishes. For any maximal ideal m of k[xq,...,x,] on which f vanishes, we denote by
Qw the local algebra
Qm — k[aﬁ, e ,l‘n]m'
(flv SRR fn)

If A:V — kis a k-linear form on any k-algebra, we will denote by ®), the associated
bilinear form given by
P,V xV =k
(a,b) — X(ab).

Definition 2.1. We say that \ is a dualizing linear form if ®, is non-degenerate as a
symmetric bilinear form [BCRS96, 2.1]. If A is dualizing, then we say that two vector
space bases {a;} and {b;} of V are dual with respect to X if

A aibj) = 6ij,

where §;; = 1 for i = j and 6;; = 0 for i # j. We show in Remark [3.6] that if {a;} and
{b;} are dual with respect to A, then A is a dualizing linear form.

More notation will be introduced as we provide an overview of Bézoutians and the
Scheja—Storch bilinear form. We will borrow and clarify notation from both [SS75| and
[BCRS96].

3. BEZOUTIANS

We first provide an overview of the construction of the Bézoutian, following [BCRS96].
Given one of our n polynomials f;, we introduce two sets of auxiliary indeterminants
and study how f; changes when we incrementally exchange one set of indeterminants for
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the other. Explicitly, consider variables X := (X,...,X,,) and Y := (Y1,...,Y,). For
any 1 <1,j <n, we denote by A;; the quantity

A" - fz(th N aY}beja s ?Xn) - fz (th .. 7}/}7Xj+17 s 7Xn)
v X; =Y '
Note that A;; is a multivariate polynomial. Indeed, f;(Y3,...,Y;_1,X;,...,X,) and
fitvh, ... Y, X, ..., X,,) differ only in the terms in which X, or Y; appear, so we can
expand the difference

fi(Y’lw"aY}flana"'aXn)_fi(Y'lw'-aY}anJrla"'aXn):Zg€'<Xj_Y’j)g7

>1

where g, € k[Y1,...,Yj 1, Xj1,. .., Xp]. In this notation, Ay =37, g0+ (X; — Y;)e L

We view A;; as living in the tensor product ring ) ®;, ), under the isomorphism

‘ k[X,Y] o
. foy) e

given by sending X; to x; ® 1, and Y; to 1 ® x;.

Definition 3.1. We define the Bézoutian of the polynomials fi,..., f, to be the image
Béz(f1,..., fn) of the determinant det (A;;) in Q ®; Q.

Example 3.2. Let (f1, f2, f3) = (23,73, 22). Then we have that

X1+Y 0 0
BéZ(fl, fQ, f3> =¢ | det 0 X2 + }/2 0
0 0 X3+Y;3

=c((Xi+ V)Xo +Ys)( X35+ Y5))
= 2120203 ® 1 4+ 1202 @ 3 + T103 @ To + ToT3 ® X1

+ 71 @ XT3 + T2 @ 1x3 + T3 @ X172 + 1 ® 112273,

There is a natural multiplication map 0 : Q ®; Q@ — Q, defined by 6(a ® b) = ab, that
sends the Bézoutian of f to the image of the Jacobian of f in Q.

Proposition 3.3. Let Jac(fi, ..., f,) be the image of the Jacobian determinant det(ggf)
in Q. Then

d (Béz(f1, ..., fn)) =Jac(fi,..., fa) € Q.

Proof. Note that (0 o€)(a(X,Y)) = a(z,z) and J o € is an algebra homomorphism. In
particular, § o ¢ preserves the multiplication and addition occurring in the determinant
which defines Béz(f1, ..., fn). Therefore it suffices for us to verify that

fi

(6o¢e) (Ay)
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Recall that

fi(}/lv"'?}/}—lanw";Xn)_fi(}/lw"ay}?Xj-i-la"-)Xn)

Ai‘:
’ Xj—Y;

Taking the x;-Taylor expansion of f(z1,...,z,) about Y; gives us

o' fi
fi(xl,...,xn):fi(acl,...,Y},...,xn)—FZ &L']; (z; =Yy

We now subtract fi(z,...,Y},...,x,) from both sides, evaluate z; — X;, and divide
by X; — Y} to deduce

i ,...,X‘,..., n) — i ,...,Y',..., n 8Z aei _
f(xl J l’) f(xl 7 flf)_ f+z f(XJ_Yv])E 1‘

(X; —Y)) - Ox; & 0
Finally, evaluating X; — x; and Y; — x; gives us (d o €)(A;;) = ggj, as desired. O
Lemma 3.4. Let a4,...,a,, be any vector space basis for (), and write the Bézoutian
as
Béz(fi,..., fn) = iai ®b;
i=1
for some by,...,b, € Q. Then {b;};", is a basis for Q .
Proof. This is [BCRS96,, 2.10(iii)]. O

This allows us to associate to the Bézoutian a pair of vector space bases for ). Given
any such pair of bases, we will construct a unique linear form for which the bases are
dual. Before doing so, we establish some equivalent conditions for the duality of a linear
form given a pair of bases.

Proposition 3.5. Let {a;} and {b;} be a pair of bases for B. Consider the induced
k-linear isomorphism

O : Homy(Q, k) — Q
@ Z p(a;i)b;.

Given a linear form A : @) — k, the following are equivalent:
(1) We have that ©(X) = >, A(a;)b; = 1.
(2) For any a € Q, we have a = >, A(aa;)b;.
(3) We have that {a;} and {b;} are dual with respect to A.
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Proof. Note that (2) implies (1) by setting @ = 1. Next, we remark that © is a -module
isomorphism by [SS75, 3.3 Satz|, where the Q-module structure on Homy(Q, k) is given
by a-¢ = p(a-—). This allows us to conclude that a - O(\) = O(a - ) for any linear
form A. In particular, we have

It follows from this identity that (1) implies (2). Now suppose that (2) holds. By setting
a = b; for some j, we have

Z )\(&zbj)bz = bj.

Since {b;} is a basis, it follows that A(a;b;) = d;;. Thus the bases {a;} and {b;} are dual
with respect to A. Finally, suppose that (3) holds, so that A(a;b;) = d,;. For any a € @,
write a as a := ) ; ¢jb; for some scalars ¢;. Then

Z )\(CLCLl)bZ = Z A (ai ZCjbj) bl = Z (Z cj)\(aibj)> bz
= Z Cz‘bi = Q.

Thus (3) implies (2). O

Remark 3.6. If {a;} and {b;} are dual with respect to A, then A is a dualizing form.
Indeed, suppose there exists © € @ such that ®y(z,y) = 0 for all y € Q. Write z =
Zi Tia; with T; € k. Then

= le)\(azb]) =T

for all 5, so z = 0.

Corollary 3.7. Let {a;} and {b;} be two k-vector space bases for (). Then there exists
a unique dualizing linear form A : Q — k such that {a;} and {b;} are dual with respect
to .

Proof. As © is a k-algebra isomorphism, it admits a unique preimage of 1. Thus, given
any pair of bases {a;} and {b;} of @, there is a unique dualizing linear form with respect
to which {a;} and {b;} are dual. O

Definition 3.8. We call ®) a Bézoutian bilinear form if X : Q — k is a dualizing linear

form such that
m

BéZ(fl,...,fn>:Zai®bi>

=1
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where {a;} and {b;} are dual bases with respect to A.

A priori this is different than the Bézoutian form detailed in Definition [I.1] although we
will prove that they define the same class in GW(k) in Section .1}

Proposition 3.9. Given a function f : A} — A} with isolated zeros, its Bézoutian
bilinear form is a well-defined class in GW (k).

Proof. Let ®) be a Bézoutian bilinear form for f. Recall that ®, : Q x ) — k is defined
by ®,(a,b) = A(ab). Since A is a dualizing linear form, ®, is non-degenerate and as () is
commutative, ®, is symmetric. Lemma implies that given a basis ag,...,a,, for Q,
we can write

Béz(fi,..., fn) = Zai@obi,
=1

and obtain a second basis by, ..., by, for Q. By Corollary [3.7] there is a dualizing linear
form for the two bases {a;}™, and {b;}7,. It remains to show that if

m m

BéZ(fl,...,fn) :Zaz@)bzzz(l;@b;a

i=1 i=1
for some bases {a;},{b;} dual with respect to A and {a}}, {0;} dual with respect to X,
then ®, and ®, are isomorphic. We will in fact show that A = )\, so that ®) = P,
Write a; = ), ajsa), and b; = Y B;;b.. Then

=1 =1 s t

i

=> <Z aisﬂit) al, @ by,
s,t 7
Since {a, ® b}} is a basis for Q ®; Q, we conclude that Y. ;58 = 0g. In particular,
(cij) ™' = (Bi;)T, so (Bi;)(ai;)T is the identity matrix. Thus > UsiBij = st
Now given g = > . cia; = Y . cia, € Q and 1 = ). d;b; = >, d}b;, we have that
/\(9) = A (Z (ciai) . Zd]b]> = Zcidj/\ (aibj) = Zczdz
i j irj i

Similarly, we have \'(g) = >_, cid;. By our change of bases, we have ¢} = }_, cja;; and
dy =, difBi;. Thus

)\/<g) — Zc;d; = Z (Z CSCYSj) (Z dtﬁtj>

J

= chdt <Z Oégjﬁtj) = chds = A9).

Therefore A = X, as desired. O
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Example 3.10. Continuing Example 3.2] let f = (27,23, 22), so that
e (Béz(fi1, fo, f3)) = (X1 + Y1) (Xo + Y2) (X5 + Y3)

= X1 Xo X5 + X5 XoV5 + XiYo X5 + X YoY;3
+ Y1 Xo X5 + Y1 XoYs + V1Yo X5 + V(Y05

We give two bases for k[Z1, Zy, Z3]/(Z%, Z2, Z2) in the following table, where we replace
Z by either X or Y. We pair off these bases in a convenient way.

1 a; bz

11 V1YY
2| Xy YoY;

3| Xo YiYs

4] X3 Y,

5| X1Xo Y

6| X1X5 Y5

71 X2 X35 Y;

81 X1 XoX3 1

The Bézoutian we computed is in the desired form 21'8:1 a; ® b;, so we now need to
compute the dualizing linear form A for {a;} and {b;}. Since 1 = 1-bg+ 31 ,0-b;,
we define A by A(a;) = 0 for 1 < i < 7 and Aas) = AMX1X2X3) = 1. Now let
g € k[X1, Xo, X3]/(X?, X3, X3) be arbitrary. We can write g as

g=c1+ X+ c3Xo + X3+ 5 X1 Xp + 6 X1 X3 + 7. Xo X3 + 3 X1 Xo X3.
Then A is the dualizing linear form sending

k{Xb X27 X3]
(X7, X3, X3)
g — Cg.

A — k

Finally we can compute the Gram matrix of ®, in the basis {a;}. Note that a;a; is a
scalar multiple of X;X5X3 if and only if 2 + j — 1 = 8. Thus the Gram matrix is

4
D) =

=@ 1)

=1

_ o OO oo oo
OSORr OO oo oo
SO, OO O OoOo
[Nl o NN Na)

DO OO OO O
[N oNell S = Re)

[ leolololBoll "
(=il e iNaril
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4. THE SCHEJA-STORCH BILINEAR FORM

Associated to any polynomial with an isolated zero, Eisenbud and Levine [EL77] and
Khimshiashvili [Him77] used the Scheja—Storch construction [SS75|] to produce a bilin-
ear form on the local algebra ). Kass and Wickelgren proved that this Eisenbud-—
Khimshiashvili-Levine bilinear form computes the local A'-degree [KW19]. The ma-
chinery of Scheja and Storch works in great generality; in particular, one may produce
a Scheja—Storch bilinear form on the global algebra () as well as the local algebras Q.
We will provide a brief account of the Scheja—Storch construction before comparing it
with the Bézoutian.

In [SSTH], k(X) := k(X3,...,X,) denotes either a polynomial ring k [X;,..., X,] or a
power series ring k [[ X1, ..., X,]]. We will also use this notation, although we will focus
on the situation where k(X) is a polynomial ring. Let p : k£ (X) — @ denote the map
obtained by quotienting out by the ideal (fi,..., fn), let py @ k(X) & k(X) — k(X)
denote the multiplication map, and let p : Q ®; @@ — @ denote the multiplication map
on the global algebra, fitting into a commutative diagram

k(X)) @ k(X)) 2 E(X)

pen| I

We remark that f; ® 1 —1® f; lies in ker(y ), and that ker(s) is generated by elements
of the form X; ® 1 — 1 ® X;. Thus for any j, there are elements a;; € k (X) @4 k (X)
such that

(4.1) i@l-10fi=) a;(X;®1-1®X),).

i=1

We denote by A the following distinguished element in the tensor algebra @ ®; Q
A= (p®p) (det(ai;)),

which corresponds to the Bézoutian which we will later demonstrate. It is true that A is
independent of the choice of a;;, as shown by Scheja and Storch [SS75, 3.1 Satz|. We now
define an important isomorphism x of k-algebras used in the Scheja—Storch construction.
However, we will phrase this more categorically than in [SS75], as it will benefit us later.

Proposition 4.1. Consider two endofunctors F, G : Algzg' — Algfc'g' on the category of
finitely generated k-algebras, where F/(A) = A®; A and G(A) = Homy, (Homy, (A, k), A).
Then there is a natural isomorphism x : F' — G whose component at a k-algebra A is

Xa: A®, A— Homy (Homy (A, k), A)
b®cr [p— @(b)d].

Proof. This canonical isomorphism is given in [SS75, p.181], so it will suffice for us to
verify naturality. Let g : A — B be any morphism of k-algebras. Consider the induced
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maps g ®qg: AR, A — B®, B and
g« : Homy, (Homy (A, k), A) — Homy, (Homy, (B, k), B)
Ve goyp(eog)].
It remains to show that the following diagram commutes.

A®p A 2 Homy, (Homy, (A, k), A)

o J»

B R B T HOIIlk (HOIIlk (B, ]{3) , B)

To see this, we compute g.oxa = [b® ¢+ [e = g((e 0 g)(b) - ¢)]]. Note that cog: B — k,
so (€0 g)(b) € k. Since g is k-linear, we have g((e 0 g)(b) - ¢) = €(g(b)) - g(c). Next, we
compute ygo (9@ g) = [b @ ¢ [e = e(g(b)) - g(c)]]. Thus g,oxa = xpo(9®g), so the
diagram commutes. U

We now let © := xg(A) denote the image of A under the component of this natural iso-
morphism at the global algebra (). We have that O is a k-linear map © : Homg(Q, k) —
Q. Letting n denote ©7!(1), we obtain a well-defined linear form 7 : Q — k by [SS75,
3.3 Satz|.

Definition 4.2. We refer to @, : Q x Q — k as the global Scheja—Storch bilinear form.

The Bézoutian gives us an explicit formula for A. As a result, the global Scheja—Storch
form agrees with the Bézoutian form.

Proposition 4.3. In Q ®; @, we have A = Béz(f1,..., fn).

Proof. We first compute

u (Y, Y, Xy, X)) — (Y Y X, X

:ij(}/l)"w}/;—luXiw"an)_fj(i/la'-thXi-i-la"'?Xn)
i=1
Let ¢ : k(X)®;k(X) = k(X,Y) be the ring isomorphism given by p(b®c) = b(X)c(Y).

Note that p(z; ® 1) = X; and p(1 ® x;) = Y;, so the inverse of ¢ is characterized by
e N X;)=2;®1 and ¢ 1(V;) = 1 ® ;. It follows that

[io1=1® f; = ¢ (f;(X) Zso (X = Y7))

—ng D@1 -1 ;).
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We may thus set a;; = ¢~ 1(A};), and [SST75], 3.1 Satz| implies that A = (p® p)(det(ay;)).
On the other hand, (p ® p)(¢ " (det(Aj;))) = Béz(fi, ..., fa) by Definition B.1] O

Lemma 4.4. The Bézoutian bilinear form and the global Scheja—Storch bilinear form
are identical.

Proof. We showed in Proposition [4.3] that A is the Bézoutian in Q ®; Q). We now show
that the associated forms are identical. Pick bases {a;} and {b;} of @) such that

AZBéZ(fla"'afﬂ) :Zal®bz
i=1

Since the natural isomorphism x has k-linear components, A is mapped to

0 1= xq(A) =

o Y olai)b
=1

Thus 1 := ©71(1) is the linear form n : Q — k satisfying >_." n(a;)b; = 1. By Propo-
sition [3.5] this implies that 7 is the form for which {a,;} and {b;} are dual bases. As in
Definition [3.8] this tells us that 7 is the linear form producing the Bézoutian bilinear
form. 0

4.1. Local decomposition. While our discussion of the Scheja—Storch form in the
previous section was global, it is perfectly valid to localize at a maximal ideal and
repeat the story again [SS75, p.180-181]. The fact that @ is an Artinian ring then gives
a convenient way to relate the global version of 1 to the local version of . This local
decomposition has been utilized previously, for example in [KW19].

Let m be a maximal ideal in k[xy, ..., z,]| at which the morphism f = (fi,..., f,) has an
isolated root. Letting py denote the quotient map &k (X)  — @Qn, we have a commutative
diagram

k(X) @k (X)) s k(X)

Pm ®Pml l m

Qn Ok Qm T> Qm-

In k(X )n @k k(X )m, we can again write

i=1

to obtain the local Bézoutian Ay, 1= (pn @ pm)(det(@;;)) € Qum Rk Qm. Let Ap 1 Q@ = O
be the localization map. From [SS75, p.181] we have (Ay ® A\y) (A) = Ay. Via the
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natural isomorphism y in Proposition [1.1], we have a commutative diagram of the form

Q ®) Q —=— Homy, (Homy(Q, k), Q)

Am ®)\ml l)\m*

Qm Rk Qm W Homy, (Homk<Qma k)7 Qm) .

Tracing A through this diagram, we see that

Ar— 0O

|

Ap —— Oy,
where Oy = X0, (An). Unwinding On = Ay (O), we find that O, is the map

O : Homy (Qu, k) = Qn
D5 Am 0O (1 0 An) .

Recall that as @) is a zero-dimensional Noetherian commutative k-algebra, the localiza-
tion maps induce a k-algebra isomorphismﬂ

A @ = [ @

This is reflected by an internal decomposition of () in terms of orthogonal idempo-
tents [BCRS96,, 2.13|, which we now describe (see also [Sta2ll, Lemma 00JA]). By the
Chinese remainder theorem, we may pick a collection of pairwise orthogonal idempotents
{€m}m such that > ey = 1. The internal decomposition of @ is then

Q=EPQ-en

and the localization maps restrict to isomorphisms )\m‘Q-em 1Qem — Qu with A\p(en) =
1. Moreover, \pn(Q - €,) = 0 for any n # m.

Proposition 4.5. Suppose ¢ : () — k is a linear form which factors through the local-
ization Ay : Q — @ for some maximal ideal m. Then ©(¢) lies in @ - ey,.

Proof. Recall that >\m|Q-en = 0 for n # m. Since e, e, = 0 for n # m and e, is
idempotent, the localization A\, : Q — @ can be written as the following composition:

—-em )\m
Am 1 Q = Q — Qn.
Since ¢ factors through the localization, it can be written as a composite

0:Q = QA 0L Iy k.

1@ is Artinian by [Sta21, Lemma 00KH], so the claimed isomorphism exists by [Sta21} Lemma 00JA].


https://stacks.math.columbia.edu/tag/00JA
https://stacks.math.columbia.edu/tag/00KH
https://stacks.math.columbia.edu/tag/00JA
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Thus O(¢) = O(ly 0 A o (€ - —)). Scheja—Storch proved that © respects the @-module
structure on Homy(Q, k) given by a-0 = o(a-—) [SST5, 3.3 Satz|. That is, O(c(a-—)) =
O(a-0) =aB(o) for any a € Q and o € Homy(Q, k). Thus

O) =em-O (lnoAn),

s0 O(0) € Q - en. O

Returning to the Scheja—Storch form, we have the following commutative diagram relat-
ing O, and ©:

Homy,(Q, k) —2>— Q

_OAmT lAm

Homy (Qum, k) - Q-

This coherence between © and O, allows us to relate the local linear forms 7, := ©_,'(1)
to the global linear form 7 := ©~!(1) in the following way.

Proposition 4.6. For each maximal ideal m of Q, let 1y, := ©,(1) : Qm — k, and let
n:=0"11):Q —k Thenn=">3_ 1m0 An.

Proof. Tt suffices to show that O(>" 7w 0 Aw) = 1. Since 7, = ©,'(1) by definition, we
have 1 = Ou(Nm) := An(O(Nm © Aw)). By Proposition [4.5] we have ©(ny 0 An) € Q - én.
Since An(O(Mm © Am)) = 1 and Ay|g.c,, is an isomorphism sending e, to 1, it follows that
O (N © Am) = €. Finally, since © is k-linear, we have

G (anO)\m) :Z@(an)\m)
:Zemzl. O

Using this local decomposition procedure for the linear forms 7, and 7, we obtain a local
decomposition for Scheja—Storch bilinear forms.

Lemma 4.7. (Local decomposition of Scheja—Storch forms) Let n and n,, be as in Propo-
sition [£.6] Then ®, = @,, ®,,,. In particular, the global Scheja-Storch form is a sum
over local Scheja—Storch forms

SS(f) = SSm(f)-

Proof. For each maximal ideal m, let {wy;}, be a k-vector space basis for Qn. Let
{Vm,i}y, (ranging over all 7 and all maximal ideals) be a basis of () such that Ay (vm;) =
We; for each i and m, and Ay (vy;) = 0 for m # n. We now compare the Gram matrix
for n : Q — k and the Gram matrices for n, : Qn — k in these bases. Via the internal
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decomposition consisting of pairwise orthogonal idempotents, we have vy ; - v, ; = 0 if
m # n. Thus

n(Um,i : Un,j) =0,
so the Gram matrix for @, will be a block sum indexed over the maximal ideals. If
m = n, then Proposition implies

(Vi * V) = Z M (An (Vi * Um,j)) = T (Am (Vi * Um,))

= M (Wi = Wi j) -

Thus the Gram matrices of ®, and @, ®,,, are equal, so ¢, = P, P,,.. 0

Remark 4.8. The local Scheja—Storch bilinear form is given by @, : Qun X Qun — k.
Given a basis {ay,...,a,} of Qn, we may write A, = > a; ® b; and define the local
Bézoutian bilinear form as a suitable dualizing form. Replacing @), A, ©, and n with
Qum, Am, Om, and 7y, the results of Sections [3] and [ also hold for local Bézoutians and
the local Scheja—Storch form. In particular, the local analog of Lemma implies that
the local Scheja—Storch form is equal to the local Bézoutian form.

5. PROOF OF THEOREM [[.2]

We now relate the Scheja—Storch form to the Al-degree. The following theorem was first
proven in the case where p is a rational zero by Kass and Wickelgren [KW19], and then
in the case where p has finite separable residue field over the ground field in [BBM™21}
Corollary 1.4]. Recent work of Bachmann and Wickelgren [BW20] gives a general result
about the relation between local Al-degrees and Scheja—Storch forms.

Theorem 5.1. Let chark # 2. Let f : A} — A} be an endomorphism of affine space
with an isolated zero at a closed point p. Then we have that the local Al-degree of f at
p and the Scheja—Storch form of f at p coincide as elements of GW(k):

degh (f) = SS,(f).

Proof. We may rewrite f as a section of the trivial rank n bundle over affine space
(’)Xz — A}. Under the hypothesis that p is isolated, we may find a neighborhood
X C A7 of p where the section f is non-degenerate (meaning it is cut out by a regular
sequence). By [BW20, Corollary 8.2|, the local index of f at p with the trivial orientation,
corresponding to the representable Hermitian K-theory spectrum KO, agrees with the
local Scheja—Storch form as elements of KO"(k):

(51> indp(fa Ptriv, KO) = SSp(f)

Let S denote the sphere spectrum in the stable motivic homotopy category SH (k). It
is a well-known fact that Hermitian K-theory receives a map from the sphere spectrum,
inducing an isomorphism my(S) = mo(KO) if char k # 2 (see for example [Hor05], 6.9] for
more detail); this is the only place where we use the assumption that char k # 2. Com-
bining this with the fact that that 7o(S) = GW(k) under Morel’s degree isomorphism,
we observe that Equation is really an equality in GW (k). By [BW20, Theorem 7.6,
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Example 7.7|, the local index associated to the representable theory agrees with the local
Al-degree:

ind, (£, puiv, KO) = deg (f).

Combining these equalities gives the desired equality in GW (k). U

Remark 5.2. Bachmann and Wickelgren in fact show that deg’ (f) = SSz(f) for any
isolated zero locus Z of f [BW2(, Corollary 8.2|. This gives an alternate viewpoint on
the local decomposition described in Lemma [4.7]

Corollary 5.3. Let char k # 2. The local Bézoutian bilinear form is the local Al-degree.

Proof. As discussed in Remark [{.§8 we can modify Lemma [£.4] to the local case by
replacing @), A, O, and n with Qn, An, On, and n,. The local Bézoutian form is

thus equal to the local Scheja—Storch form, which is equal to the local Al-degree by
Theorem (.11 O

In contrast to previous techniques for computing the local Al-degree at rational or sep-
arable points, Corollary gives an algebraic formula for the local Al-degree at any
closed point.

As a result of the local decomposition of Scheja—Storch forms, the Bézoutian form agrees
with the Al-degree globally as well.

Corollary 5.4. Let char k # 2. The Bézoutian bilinear form is the global A!-degree.

Proof. Let ®, denote the Bézoutian bilinear form, which is equal to the global Scheja-
Storch bilinear form by Lemma [£.4 By Lemma [£.7, the global Scheja—Storch form
decomposes as a block sum of local Scheja—Storch forms. By Theorem the local
Scheja—Storch bilinear form agrees with the local Al-degree. Finally, we have that the
sum of local Al-degrees is the global Al-degree. Putting this all together, we have

(5.2) B, = SS(f) = > _SSu(f) = > degh (f) = deg™ (f). -

Remark 5.5. It is not known if GW is represented by KO over fields of characteristic 2,
which is the source of our assumption that char k # 2. If this problem is resolved, one can
remove any characteristic restrictions from our results. Alternately, Lemma implies
Corollariesandif all roots of f satisfy degﬁ1 (f) = SS,(f). By [KW19|, BBM™21],
and [KW21l Proposition 34|, Corollaries and are true in any characteristic if all
roots of f are rational, étale, or separable.
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5.1. Computing the Bézoutian bilinear form. We now prove Theorem by de-
scribing a method for computing the class in GW (k) of the Bézoutian bilinear form in
terms of the Bézoutian.

Proof of Theorem[I.9. Let R denote either a global algebra @ or a local algebra Q,,. Let
{a;} be any basis for R, and express

BéZ(fl, c. 7fn) = Z Bi,jai X Qy.
i?j

Rewriting this, we have

BéZ(fl, ey fn) = Z (87 X (Z Bi’jOéj> .

Let B; == >, Bijay, so that {a;} and {f;} are dual bases. Then for any linear form
A R — k for which {«;} and {f;} are dual, we will have that ®, agrees with the global
or local Al-degree (depending on our choice of R) by Corollaries and . Let A\ be
such a form. The product of a; and 3; is given by

Oéiﬁj = Q- E Bjﬁas.
s

Applying A to each side, we get an indicator function

0ij = Maufj) = A (Oéi Z Bj,soés> = ZBJ»,S)\ () .

Varying over all 7, 7, s, this equation above tells us that the identity matrix is equal to
the product of the matrix (B;) and the matrix (A(ayo,)) = (AMasa;)). Explicitly, we
have that

10 --- 0 Bl,l BL2 s Bl,m )\(Oé%) )\(041042) s >\(OélOém)
o1 --- 0 BQJ B2’2 cee Bg7m )\(062061) )\(Oé%) s )\(OéQO{m)
00 ---1 Bmi Bma + Bum Magmar) Magpas) -+ Aa?)

Thus the Gram matrix for @, in the basis {«;} is (B; ;). We conclude by proving that
(B;;) and (B;;)~! represent the same element of GW (k). Since any symmetric bilinear
form can be diagonalized, there is an invertible m x m matrix S such that ST - (B;;)- S
is diagonal. Since (ST - (B;;)-S)-(S7'-(Bi;)~*-(S™1)7T) is equal to the identity matrix,
it follows that S™ - (M) - (S71)7T is diagonal with entries inverse to the diagonal
entries of ST - (B;;)-S. Applying the equality (a) = (1/a) along the diagonals, it follows
that (B;;)~! and (B, ;) define the same element in GW (k). Theorem now follows
from Corollaries 5.3 and 5.4l O

The following tables describe algorithms for computing the global and local A'-degrees
in terms of the Bézoutian bilinear form. A Sage implementation of these algorithms is
available at [BMP].
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Computing the global Al-degree via the Bézoutian:
(1) Compute the A;; and the image of their determinant Béz(f) = det (4;;) in

KX YT/ (F(X), F(Y))
(2) Pick a k-vector space basis ay,...,a, of Q = k[Xq,...,X,]/(f1,..., fa). Find
B; ; € k such that

Béz(f) = Z Bijai(X)a;(Y).

(3) The matrix B = (B, ;) represents deg” (f). Diagonalize B to write its class in
GW (k).

Computing the local Al-degree via the Bézoutian:
(1) Compute the A;; and the image of their determinant Béz(f) = det (4,;;) in

kX Y]/(F(X), f(Y).
(2) Pick a k-vector space basis ay, ...,y of Qn = k[X1, ..., Xy]u/(f1,-- -, fn). Find
B; ; € k such that

Béz(f) = Z Bijai(X)a;(Y).

(3) The matrix B = (B, ;) represents degﬁl( f). Diagonalize B to write its class in
GW (k).

6. CALCULATION RULES

Using the Bézoutian characterization of the A'-degree, we are able to establish various
calculation rules for local and global A'-degrees. See [KST21], [QSW22] for related results
in the local case.

Our ultimate goal in this section is the product rule for the Al-degree (see Proposi-
tion |6.5)), which was already known by the work of Morel. See the paragraph preceding
Proposition [6.5] for a more detailed discussion.

Proposition 6.1. Suppose that f = (fi,...,f.) and ¢ = (¢1,...,9,) are endomor-
phisms of affine space that generate the same ideal

I=(f1i,-- s fu) = (g1, s gn) <k[z1,..., 2]
If Béz(f) = Béz(g) in k[X,Y], then deg® (f) = deg" (g), and deg? (f) = deg? (g) for
all p.

Proof. We may choose the same basis for Q = k[zy,...,z,]/I (or @, in the local case)
in our computation for the degrees of f and g. The Bézoutians Béz(f) = Béz(g) will
have the same coefficients in this basis, so their Gram matrices will coincide. O

The following result is the global analogue of [QSW22, Lemma 14].
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Lemma 6.2. Let f = (f1,...,fn) : Al — A} be an endomorphism of A} with only
isolated zeros. Let A € K" be an invertible matrix. Then

(det A) - deg™ (f) = deg™ (Ao f)
as elements of GW (k).

Proof. Write A = (a;;) and

gi(le"'7Xj7Y}+17"'7Yn)_gi(le"'an—lv}/}"-aYn)

NI —
Y Xj =Y 7

where ¢ is either f or Ao f. Then Af;-of =3 aﬂAlJ;, and thus (Af;-of) =A- (Afj)
as matrices over k[X,Y]. The ideals generated by Ao (f1,..., f,) and (fi,..., fn) are
equal, and the images in Q ®; Q of det(AiA}of ) and det A - det(Af;;) are equal. Thus the
Gram matrix of the Bézoutian bilinear form for Ao f is det A times the Gram matrix of
the Bézoutian bilinear form for f. Proposition then proves the claim. Il

Example 6.3. We may apply Lemma [6.2]in the case where A is a permutation matrix
associated to some permutation o € ¥,,. Letting f, := (fg(l), cee fg(n)), we observe that

deg® (f,) = (sgn(0)) - deg? (f)

at any isolated zero p of f, and an analogous statement is true for global degrees as well.
Next, we prove a lemma inspired by [KST21, Lemma 12].

Lemma 6.4. Let f,g: A} — A} be two endomorphisms of A}. Assume that f and g
are quasi-finite. Let L € M, (k) be an invertible n X n matrix, which defines a morphism
L: A} — A7 given by (z1,...,2,) — (z1,...,2,) - LT. Let I, denote the n X n identity
matrix, and assume that det(l, +t(L — I,))) € k[t] is in fact an element of £*. Then

deg" (f o g) = deg” (fo Log).

Proof. Quasi-finite morphisms have isolated zero loci by [Sta2ll Definition 01TD (3)].
The composition of quasi-finite morphisms is again quasi-finite [Sta2ll, Lemma 01TL],
so f o g has isolated zero locus.

Next, we show that L is also quasi-finite. We will actually prove a stronger state-
ment. Let A, € M, (k[t]) be an invertible n x n matrix, which implies that det A; €
k[t]* = k*. This matrix determines a family of morphisms A; : A? x Aj — A7 by

(1,..., 20, t) — (z1,...,7,) - AL. Given ty € A}, the morphism A;, has Jacobian de-
terminant det(a(%_ﬁ) = det A;, which is a unit. In particular, A, is unramified for each
J

to € A}. Thus Ay, is locally quasi-finite [Sta21l Lemma 02VF]. Since A? is Noetherian,
Ay, o A} — A} is quasi-compact. Quasi-compact and locally quasi-finite morphisms
are quasi-finite [Sta2ll Lemma 01TJ|, so we conclude that A, is quasi-finite for each
ty € A}g


https://stacks.math.columbia.edu/tag/01TD
https://stacks.math.columbia.edu/tag/01TL
https://stacks.math.columbia.edu/tag/02VF
https://stacks.math.columbia.edu/tag/01TJ
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Just as in [KST21, Lemma 12|, we now define L, = I, +t- (L — I,,). Our assumption on
det(I,, + t(L — I,,)) implies that L; is invertible. Thus L; is quasi-finite, so f o L; 0 g is
quasi-finite and hence only has isolated zeros for all t. Set
@ _ k[t][ﬂ]l, Ce ,ZEn]
(foLiog)

Then [SST5, p. 182| gives us a Scheja—Storch form 7 : @ — k[t] such that the bilinear
form @5 : Q x Q — klt] is symmetric and non-degenerate. By Harder’s theorem [KW19]
Lemma 30|, the stable isomorphism class of ®5 ®; k(ty) € GW(k) is independent of
to € Aj(k). In particular, the Scheja-Storch bilinear forms of f o Lyog = f o g and
folLiog= folLog are isomorphic. U

The following product rule is a consequence of Morel’s proof that the Al-degree is a
ring isomorphism [Mor(4, Lemma 6.3.8]. We give a more hands-on proof of this product
rule. See [KST21, Theorem 13| and [QSW22, Theorem 26| for an analogous proof of the
product rule for local degrees at rational points.

Proposition 6.5 (Product rule). Let f,g: A} — A} be two quasi-finite endomorphisms
of A?. Then degAl(f 0g) = degAl(f) - deg™’ (9).

Proof. We follow the proofs of [KST21, Theorem 13| and [QSW22, Theorem 26|. The
general idea is to mimic the Eckmann—Hilton argument [EH62|. Let x := (zq,...,2,)
and y == (y1,...,yn). Define f,§ : A" x A" — A" x A" by f(z,y) = (f(2),y) and
g(z,y) = (g(z),y), and note that f and § are both quasi-finite because f and g are
quasi-finite. Since (f o g,y) and fo g define the same ideal in k[x, y] and have the same
Bézoutian, we have degAl (fog) = degAl(f o g) by Proposition

Let gx f : AT x A} — A} X A7 be given by (g x f)(z,y) = (9(z), f(y)). Using Lemmal6.4]
repeatedly, we will show that degAl(f 0g) = deg™’ (9 x f). Let I, be the n x n identity
matrix, and let

L, 0 (L, I, (0 -1,
ne(n) () - )

By construction, det(lo, +¢(Li —Iz,)) = det(ls, +t(Ly—I5,)) = 1, so Lemmal6.4) implies
that

deg" (f 0 §) = deg™ (f o Ly 0 §)
= deg" (fo Lyo (Li0g))
= deg” (fo Lo (Lyo Ly 0 §)).
One can check that Ao foLjoLyoLioj=gx f. By Lemma we have
(det A) - deg” (f o §) = (det A) - deg™ (f o Ly 0 Ly o Ly 0 §)
= deg’ (g x /).
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Since det A = 1, it just remains to show that degAl (g x f) = degAl (g) - degAl(f).
Let ay,...,a,, be a basis for H and a,...,al, be a basis for H Write

Béz(g) = Z” | Bija; ® a; and Béz(f) = Z” 1 B;jaZ ® aj. By Theorem (1.2} (B;;) and
Al

(Bj;) are the Gram matrices for deg™ (g) and deg™ (f), respectively. Next, we have

Béz(g x f) = Béz(g) - Béz(f), since

&= (5" )

] / m,m’ . klT1, . ,Tn Y1, Yn] . .
Note that {a;(z)aj, (y)};" is a basis of ¢ —=esupatn—s In this basis, we have

Beéz(g) - Béz(f) = Z Z Bi; By jiaiay @ ajal,

t,j=14"j'=1

so the Gram matrix of deg® (¢ x f) is the tensor product (Bij) ® (Bj;). We thus we have
an equality deg® (¢ x f) = deg” (g) - deg® (f) in GW (k). O

7. EXAMPLES

We now give a few remarks and examples about computing the Bézoutian.

Remark 7.1. It is not always the case that the determinant det(A;;) € k[X,Y] is
symmetric. For example, consider the morphism f : A? — A? sending (z1,7s)
(x129, 21 + x3). Then the Bézoutian is given by

Béz(f) = det ()% }?) =X, - Y.

However, the Bézoutian is symmetric once we pass to the quotient % [IBCRS96,

2.12]. Continuing the present example, let {1,225} be a basis for the algebra Q@ =
klx1, 22]/ (2129, 21 + 22). Then we have that

Béz(f) = Xo = Y1 = X5 + Y5,

Wthh is symmetric. Moreover, the Bézoutian bilinear form is represented by (¢3), so

deg"'(f) = H.

Example 7.2. Let k = F,(¢), where p is an odd prime, and consider the endomorphism
of the affine plane given by

f : SpecF,(t)[x1, x2] — SpecF,(t)[xy, 2]
(1, @0) > () — t, x119) .

As the residue field of the zero of f is not separable over k, existing strategies for
computing the local Al-degree are insufficient. Our results allow us to compute this
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A'-degree. The Bézoutian is given by
-
Béz(f) = det | Xi-n1
Xo 1
= XY 4+ XPTYR L X YT Y?
= XY XY 4 R XY

In the basis {1,z1,...,2" '} of Q, the Bézoutian bilinear form consists of a ¢ in the
upper left corner and a 1 in each entry just below the anti-diagonal. Thus
1 1 P — 1
deg (f) = deg(yuyn g)(f) = () + ——H.

Example 7.3. Let f; = (z1 — 1)z122 and fo = (az] — bx3) for some a,b € k* with ¢
not a square in k. Then f = (f1, f2) has isolated zeros at m := (21 — 0,22 — 0) and
n:= (v; — 1,23 — ¢). We will use Bézoutians to compute the local degrees deg®'(f) and

degfl(f), as well as the global degree degAl(f). Let

k[xlamQ]

(1 — Dayxg, az? — ba3)

We first compute the global Bézoutian as

Béz(f) = det <<X1 ;23/1_}11))(2 fz%éi@))

=—a(X1Y? - X\V1 + Y - YP)
— (X1 X3+ X3V, — X5 4+ X1 XoYs + XoYiYs — XoY).
In the basis {1, 11, T2, ¥3, 7179, 23} of @, the Bézoutian is given by
Béz(f) = —a (X1Y7 — XuV, + Y — Y7 + X7 + X7V, — X7)
= b(X1XoYs + XoY1Ys — XoY)).

We now write the Bézoutian matrix given by the coefficients of Béz(f).

1 X X X2 XiX, XP

11 0 0O 0 a 0 —a
Yi|] 0 a 0 —a 0 0
Yo| O 0 b 0 —b 0
Y2l a —-a 0 0 0 0
YiYo| O 0O —-b 0 0 0
Y2 l-a 0 0 0 0 0

One may check (e.g. with a computer) that this is equal to 3H in GW (k).
b

In Qu, we have that zizs = 212, = 0 and 23 = 22123 = 0. In the basis {1, 21, 22, 23} of

Qw, the global Bézoutian reduces to
Béz(f) = —a (X1Y? — X1Y7 — Y7 4+ X7V — X7) + bXoYs



BEZOUTIANS AND THE A'-DEGREE 23

We thus get the Bézoutian matrix at m.

‘ 1 X, Xy X?
110 0 0 «a
Y110 a 0 -—a
Y10 0 b O
Y2la —a 0 0

This is H+ (a,b) in GW (k).
In @y, we have z; = 1. In the basis {1, x5} for @Q,, the Bézoutian reduces to
Béz(f) = —a — bX,Y5.

We can then write the Bézoutian matrix at n.
1 X

Yo O —=b

This is (—a, —b) in GW(k). Note that (—a, —b) need not be equal to H. However, this
does not contradict [QSW22, Theorem 2|, since n is a non-rational point.

Putting these computations together, we see that

degﬁl(f) + degfl(f) =H+ (a,b) + (—a,—b) = 3H = degAl(f).

8. APPLICATION: THE A!-EULER CHARACTERISTIC OF GRASSMANNIANS

As an application of Theorem , we compute the Al-Euler characteristic of various low-
dimensional Grassmannians in Example and Figure [1 These computations suggest
a recursive formula for the Al-Euler characteristic of an arbitrary Grassmannian, which
we prove in Theorem [8.4] This formula is analogous to the recursive formulas for the
Euler characteristics of complex and real Grassmannians. Theorem is probably well-
known, and the proof is essentially a combination of results of Hoyois, Levine, and
Bachmann-Wickelgren.

8.1. The A'-Euler characteristic. Let X be a smooth, proper k-variety of dimension
n with structure map m : X — Speck. Let p : Tx — X denote the tangent bundle of
X. The A'-Euler characteristic y* (X) € GW(k) is a refinement of the classical Euler
characteristic. In particular, if k& = R, then rank y* (X) = x(X(C)) and sgn xy*' (X) =
X(X(R)). There exist several equivalent definitions of the A'-Euler characteristic [Lev20]
LR20, IAMBO™22|. For example, we may define XAl(X ) to be the m-pushforward of the
Al'-Euler class

e(Tx) :=2"2.1x € Gfln(X, WX/k)

of the tangent bundle |[Lev20], where z : X — Tx is the zero section and (f]\ﬁd(X , WX /k)
is the Chow—Witt group defined by Barge-Morel [BMOO, [Fas08]. That is,

M (X) = 7 (e(Tx)) € CH (Speck) = GW(k).
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Analogous to the classical case [Mil65], the A'-Euler characteristic can be computed as
the sum of local Al-degrees at the zeros of a general section of the tangent bundle using
the work of Kass—Wickelgren [BW20|, KW21, Lev20]. We now describe this process. Let
o be a section of T'x which only has isolated zeros. For a zero x of o, choose Nisnevich
coordinatesﬂ v : U — A} around z. Since 1 is étale, it induces an isomorphism of
tangent spaces and thus yields local coordinates around z. Shrinking U if necessary, we
can trivialize Tx |y = U x A}. The chosen Nisnevich coordinates (¢, U) and trivialization
7 @ Tx|ly =2 U x A} each define distinguished elements dy,d, € detTx|y. In turn,
this yields a distinguished section d of Hom(det T'x |y, det Tx|y), which is defined by
dy — d;. We say that a trivialization 7 is compatible with the chosen coordinates
(1, U) if the image of the distinguished section d under the canonical isomorphism p :
Hom(det T'x |y, det Tx|y) = Op is a square [KW21, Definition 21].

Given a compatible trivialization 7 : T'x|y = U x A}, the section o trivializes to o : U —
A?. We can then define the local index ind, o at x to be the Al-degree of the composite

Py Pp  ~_ A U - A P

TR 3N (1165) S VAN e S TAR 5 SV (S
Here, the first map is the collapse map, the second map is excision, the third map is
induced by the Nisnevich coordinates (¢, U), and the fifth map is purity (see e.g. [BW20,
Definition 7.1]). By [KW21l, Theorem 3|, the A'-Euler characteristic is then the sum of
local indices

(X)) = Z ind, o € GW(k).
z€0—1(0)
By Theorem , we may thus compute the Al-Euler characteristic by computing the
global Bézoutian bilinear form of an appropriate map f : A} — A}

Remark 8.1. If all the zeros of f : A} — AJ] are simple, then each local ring @y, in

the decomposition of ) = % = Qu, X ... X Qn, is equal to the residue field of
the corresponding zero. If cach residue field Qm, is a separable extension of k, then
the A'-degree of f is equal to sum of the scaled trace forms Trq, /k((J(f)[m;)) (see
e.g. [BBM™21l Definition 1.2|), where J(f)|m, is the determinant of the Jacobian of f
evaluated at the point m;. In [Pau20] the last named author uses the scaled trace form
for several A-Euler number computations. However, Theorem yields a formula for

degAl( f) for any f with only isolated zeros and without any restriction on the residue

field of each zero. Moreover, we can even compute degAl (f) without solving for the zero
locus of f.

8.2. The A'-Euler characteristic of Grassmannians. Let G := Gri(r,n) be the
Grassmannian of r-planes in £™. In order to compute XAI(G), we first need to describe
Nisnevich coordinates and compatible trivializations for G and T;. We then need to

choose a convenient section of T; and describe the resulting endomorphism AZ("_T). The

2 Nisnevich coordinates consist of an open neighborhood U of x and an étale map ¢ : U — A} that
induces an isomorphism of residue fields k(z) = k(¢ (z)) [KW21, Definition 18].
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tangent bundle T; — G is isomorphic to p : Hom(S, Q) — G, where S — G and Q — G
are the universal sub and quotient bundles.

We now describe Nisnevich coordinates on G and a compatible trivialization of Tg,
following [SW21]. Let d = r(n — r) be the dimension of G, and let {ey,...,e,} be the
standard basis of k”. Let A{ = Speck[{z;;};7-/] = U C G be the open affine subset
consisting of the r-planes

H({ﬂfm};’;;f) ‘= span {en—r—i-i + Z ivi,jej}

J=1 i=1

The map ¢ : U — A{ given by o (H({z;;};72])) = ({zi;}7;21) yields Nisnevich coor-
dinates (¢, U) Centered at ¢ (span{en—ri1,...,€,}) = (0,...,0). For the trivialization

of Tg|U, let

~ & 1 <n—r
= eﬁ—z lxz (n—r)j€ 1=n—r+1.
Then {ej,...,€,} is a basis for k", and we denote the dual basis by {¢1, . qgn} Over U,
the bundles S *and Q are trivialized by {gbn ALy - gbn} and {ey,...,€,_,}, respectively.
Since
Te = Hom(S,Q) =S ® Q,

rn—r

we get a trivialization of Tg |y given by {¢,,i®¢;};72). By construction, our Nisnevich
coordinates (¢, U) induce this local trivialization of T¢. It follows that the distinguished
element of Hom(det 7|y, det T |v) sending the distinguished element of det T |y (deter-
mined by the Nisnevich coordinates) to the distinguished element of T¢|y (determined

by our local trivialization) is just the identity, which is a square.

Next, we describe sections of T — G and the resulting endomorphisms A¢ — A{. Let
{¢1,...,¢n} be the dual basis of the standard basis {ej,...,e,} of k. A homogeneous
degree 1 polynomial o € k[¢y, ..., ¢,] gives rise to a section s of S*, defined by evaluating
. In particular, given a vector t = > 1" ¢;¢; in H({x;;};;~]), we use the dual change
of basis

¢. {¢]+Zz lxl,]¢n 41 ] <n—’f’
J

oh j>n—r+1
to set
S(t) = (tl + Z :Ci,ltnfrJri? s 7tnfr + Z xi,nfrtnfr+ia tnfrJrla s o :tn> .
i=1 i=1
Note that t; = -+ =t, . = 0if and only if t € H({w;;};72]), 50 s(t) € k[tn—ry1,. .. tnl.

Taking n sections sy, ..., s, of S*, we get a section of Tz = Hom(S, Q) given by

§ L an g

where the second map is quotienting by {€,—41,...,€,}. We obtain our map A¢ — Al by

r,n—r

applying the trivializations {¢,_,; ®@€;}; “i=1 of Tg. Explicitly, take n sections sy, ..., sy,
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of 8*. Since e; = ¢; — Z;:f Ti—(n_r)j€; for i >n —r, we have
T

sje; = S;€j — E T jSp—r+i€; MOd (€n_pi1, ..., €En),
i=1

for all j < n —r. Recall that e; = €; for j < n —r. The coordinate of Ay — AY

corresponding to an—r-m' ®e; is thus the coefficient of ¢,_,; in s;(¢) —> ), ZejSn—rte(t).

For a general section o of p : T; — G, the finitely many zeros of o will all lie in U. In this
case, the Al-Euler characteristic of G is equal to the global Al-degree of the resulting
map A¢ — A¢ which can computed using the Bézoutian.

Example 8.2 (Grg(2,4)). Let

ap = g = 52 + $1,2$3 + $2,2$4;
Qg = 3 = 53,
as = ¢u = bu,
oy = @1 = 51 + $1,153 + $2,1¢Z4-
Evaluating at ¢t = (0,0, t3,%4) in the basis {€;}, we have
81 = X1.2t3 + Tool4,
S92 = t3,
S3 = 14,
S4 = T11t3 + T 1ty.
It remains to read off the coefficients of ¢35 and ¢4 of
S1 — 21,183 — X2,154 = (301,2 - $1,1$2,1)t3 + ($2,2 —T11— $§,1)t47
Sg — T1283 — To 254 = (1 — 1 1099)ts + (—T12 — T21%22)ts.
We thus have our endomorphism o : A} — A} defined by
o = (ZE1,2 —X11%21,T22 — T11 — 353717 1- L1122, —T1,2 — ZE2,1$2,2)~

Using the Sage implementation of the Bézoutian formula for the A'-degree [BMP], we
can calculate yA' (Grg(2,4)) = deg (0) = 2H + (1,1).

Using a computer, we performed computations analogous to Example for r < 5 and
n < 7. These Al-Euler characteristics of Grassmannians are recorded in Figure .

Recall that the Euler characteristics of real and complex Grassmannians are given by
binomial coefficients. In particular, these Euler characteristics satisfy certain recurrence
relations related to Pascal’s rule. The computations in Figure [1| indicate that an anal-
ogous recurrence relation is true for the A'-Euler characteristic of Grassmannians over
an arbitrary field. In fact, this recurrence relation is a direct consequence of a result of
Levine [Lev20).
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h " 1 2 3 4 5

2 H 1)

3 | H+(1) H + (1) (1)

4 2H H + < , ) 2H <1>

5 2H + <1) H + < , ) 4H + (1, 1> 2H + (1) (1)

6 3H 6]I-]I+<1,1,1) 10H 6]HI—|—<1,1,1> 3H

7 3]HI—|—< ) 9H+<1,1,1) 16H+(1,1,1) 16]HI+<1,1,1> 9H+(1,1,1)

FIGURE 1. More examples of ' (Gry(r,n))

Proposition 8.3. Let 1 <r < n be integers. Then

A(Grg(r,n)) = X (Gre(r — 1,n — 1)) + (=1)" x* (Grp(r,n — 1)).

Proof. Fix a line L in k™. Let Z be the closed subvariety consisting of all r-planes
containing L (which is isomorphic to Gry(r — 1,n — 1)), and let U be its open com-
plement (which is isomorphic to an affine rank r bundle over Grg(r,n — 1)). We then
get a decomposition Grg(r,n) = Z U U. Since Grg(l,m) = Grg(m — [,m), we have
X* (Gre(l,m)) = x* (Gre(m —1,m)). We can thus apply [Lev20, Proposition 1.4 (3)] to
obtain

X* (Gry(r,n))

e (G k(n—r.mn))
A (Grlrk(n—r,n—1))—1—(—1>7"XA1 (Grg(n—r—1,n—1))
Y (Grr = 1,n— 1) + (=1)"x* (Gri(r,n — 1)). O

We can now apply a theorem of Bachmann-Wickelgren [BW20] to completely charac-
terize x*' (Gry(r, n)).

Theorem 8.4. Let k be field of characteristic not equal to 2. Let n¢ := (’;), and let

ng = (LL JJ) Then

nc + nNr
1
2 <>+ 2

AY(Grg(r,n)) =

Proof. By [BW20), Theorem 5.8, we can restrict this computation to two different pos-
sibilities. We will prove by induction that x*' (Gry(r,n)) mod H has no (2) summand.
The desired result will then follow from [BW20, Theorem 5.8] by noting that n¢ and ng
are the Euler characteristics of Gre(r,n) and Grg(r,n), respectively.

Since A? is A'-homotopic to Speck, we have x*' (A}) = x* (Speck) = (1). Using this
observation and the decomposition P} = [JI_, A} (and a result analogous to [Lev20)

Proposition 1.4 (3)]), Hoyois computed the A'-Euler characteristic of projective space
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[Hoy14], Example 1.7]:

Al ony ) H A+ (1) nis even,

) = 2 H n is odd.

Note that Grg(0,n) = Grg(n,n) = Speck and Grg(1,n) = Grp(n — 1,n) £ PP'. In
particular, x*' (Gry(i,n)) mod H is either trivial or (1) for i = 0,1,n — 1, or n. This
forms the base case of our induction, with the inductive step given by Proposition [8.3]
— namely, if Y*' (Gry(r — 1,n — 1)) mod H and x*' (Gry(r,n — 1)) mod H only have (1)
and (—1) summands, then

(P (Gr(r = 1,n— 1)) + (=1)" x* (Gry(r,n — 1)) mod H
only has (1) and (—1) summands. d

8.3. Modified Pascal’s triangle for x*' (Gr,(r,n)). Pascal’s triangle gives a mnemonic
device for binomial coefficients and hence for the Euler characteristics of complex and
real Grassmannians. The recurrence relation of Proposition indicates that a mod-
ification of Pascal’s triangle can also be used to calculate the A'-Euler characteristics
of Grassmannians. Explicitly, each entry in the modified Pascal’s triangle is an element
of GW(k). The two diagonal edges of this triangle correspond to x*' (Gry(0,n)) = (1)
and y* (Grg(n,n)) = (1). Elements of each row of the modified Pascal’s triangle are
obtained from the previous row by the addition rule illustrated in Figure [2|

We rewrite the data recorded in Figure[I]in a modified Pascal’s triangle in Figure[3] The
rows correspond to the dimension n of the ambient affine space k™, while the southwest-
to-northeast diagonals correspond to the dimension r of the planes k" in the ambient
space.
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FI1GURE 2. Addition rules for modified Pascal’s triangle

FIGURE 3. Modified Pascal’s triangle for x*' (Gr(r,n)) (see Section [8.3)
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