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1. INTRO ON ORIENTATIONS

Recall that an orientation of an n-manifold M is a class p € H, (M) so that, for any point
x € M, the induced map

H,(M) — H,(M,M — x) ~ H,(D", 8" ') ~ Hy(x) = Z.
sends p to a generator. We think about a generator of H,, (D", S"" 1) as a way to assign a
normal vector to the disk D™ around each point x in a continuous way, so that the normal

vectors don’t flip suddenly. This aligns with our intuition of what an orientation should
mean.

More generally, let V' — M be a vector bundle. Then for each point p € M, we want to
orient a small disk sitting over p in V. Suppose we have a Riemannian metric, and let
D(V) denote the disk bundle:

D(V):={veV: |y <1}.

Then we are asking for a normal vector out of every disk over every point in M in a
continuous way. In an analogous way to what we did above, taking D"/S"~!, we define
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S(V) to be the sphere bundle
S(V)={veV: |y =1},
and we consider the quotient bundle, also called the Thom space:
Th(V) :=D(V)/S(V).

For every point x € M, we have a disk and its neighborhood sitting in V over z, which
gives an inclusion

ig s (D™, 8" — Th(V).

If V is a rank n bundle over M, then an orientation of V' will be a class u € H,(Th(V))
so that its restriction along i, is a generator of H, (D", S" 1) = Z.

Remark 1.1. Remarks about Thom spaces:

(1) The Thom space of the pullback is the pullback of the Thom space
(2) If e — X is the trivial rank n bundle, then Th(¢") = S™ A X is the trivial sphere

bundle, but where all the points at co in each sphere are glued together.
(3) We have that Th(R" @ V) ~ S™ A Th(V) = X"V.

Recall that a ring spectrum is a monoid in the stable homotopy category, that is, it has a
multiplication map

ENE—FE

which is unital and associative up to homotopy. We say a ring map is a morhpism of
spectra f : E — F so that the diagram commutes

ENE — B

f/\fl lf

FANF —— F.

We remark that S is initial among ring spectra.

Notation 1.2. We remark that the unique map S Ly E defines a class in
Hom (£°S°, E) = E°(x).

We denote this class by 1 € E°(x). By abuse of notation, we can also call 1 € E?(S5?)
under the suspension isomorphisms.

2. COMPLEX ORIENTABLE RING SPECTRA

For any base X and any vector bundle V', there is a vector bundle morphism in the diagram

V — Vape

| |

X — X x X.
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Applying Th(—) on the top, we obtain a map Th(V) LN Th(V) A X4, which we call the
Thom diagonal.

Definition 2.1. Analogous to above, let V' — X be any rank n bundle, and FE any ring
spectrum. Then we say that V is E-oriented if there is a morphism

py : Th(V) — X"E,
(that is, a class in E™(Th(V))) so that for any = € X, the inclusion of its fiber S < Th(V)
has the property that uy pulls back to a generator of m, F.
Given such a Thom class, the following composite is an F-module isomorphism
E NTh(V) = ENY"X
E/\Al TidA,u/\id

ENTh(V)A Xy g EAS"EAXy — EAEAT"X,

We call this the Thom isomorphism. This agrees with the normal Thom isomorphism in
two ways

(1) Applying 7, we get an isomorphism E,(Th(V)) = E.(X"X).

(2) Since everything is a morphism of E-modules, we can apply Hompyea, (—, F), and
recall that Homyea, (EAY, E) ~ Homg, (Y, E) to get that [X" X, E] = [Th(V), E],
so there is an isomorphism E*~"(X;) = E*(Th(V)).

Definition 2.2. We say that a ring spectrum FE is complex orientable if for every complex

vector bundle V' — X of real rank n, there is a Thom class py : Th(V) — X" E satisfying
some compatibility conditions:

(1) For f:Y — X and V — X, we have that ppy = f*uy.
(2) We have that pygy = py - pyr (here we are using that E is a ring spectrum to
have this multiplication).

Exercise 2.3. Let E be a complex oriented ring spectrum, and let f : E — F be a ring
map. Then F' is complex oriented.

Now let EX be complex oriented, and let u € EQ((CPOO) be a cohomology class which is
mapped to 1 under the composite
E?(CP™) — E*(CPY) = E%(x).
Then for each n, there is a map
E*[u] — E*(CP"),
sending w to the pullback of v under the natural inclusion CP"™ C CP*°.

+1

Proposition 2.4. (Hopkins p.3) In the function above, v is mapped to 0.
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Proof. Since u is a reduced cohomology class, when it is restricted to a contractible sub-
space, it becomes zero. We remark that CP™ can be covered by n+ 1 contractible open sets
under its standard charts, call them each U;. We recall that the cup product in relative
cohomology works like

E*(X,A) x E*(X,B) — E*(X, AU B).
Thus by writing v € E*(CP", U;) for each i, we have that

u"tt e E* (CP", Uy U+ UUptq) = E*(CP",CP™) = 0.

Lemma 2.5. We have that the map
E*[u]/u™* — E* (CP™)

is a ring isomorphism.

Proof idea. Induct on n using the Atiyah—Hirzebruch spectral sequence
EP? = HP (CP™, E(x)) = EPTI(CP"),

to get the group isomorphism, and remark that the AHSS is multiplicative to get the ring
isomorphism. O

Corollary 2.6. We have that
E*(CP®) = E*[[u]].

Moreover as E is multiplicative, we can prove that

E* (H CPOO> >~ E*[[uy, . .., un]].
=1

Theorem 2.7. (Chua, 3.7) There is a natural bijection between

(1) Complex orientations of E
(2) Classes u € E?(CP*) that restrict to an E*-module generator of E?(CP!) = EO.

Proof idea. Given any complex orientation, the Thom class of the tautological bundle
O(—1) — CP®™ gives a map Th(€(—1)) — E, defining a class in E?(Th(0(-1))) ~
E?(CP*) which maps to 1 by hypothesis. Conversely, suppose we have a Thom class
u € E?(CP*). We want to use this to generate Thom classes for each complex bundle.
Since rank n complex bundles are classified by maps X — BU(n), it will suffice to generate
Thom classes for the universal bundles over BU(n) for all n. We will come back to this. O
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Remark 2.8. A complex orientation is equivalently a commutative diagram of the form
52 —— QFF

b
A
-
P
-
P
-
p

Cp

Proposition 2.9. Let R be any ring. Then the EM spectrum H R is complex orientable.

Proof. We have that H?(S?, R) = R is non-empty. Moreover, since S? < CP> is the
inclusion of a 2-skeleton, we have an induced isomorphism

H*(S*,R) = H*(CP™,R).
Therefore any choice of generator of H2(S?, R) is a complex orientation. O
Thus if we have a map S? — Q®F, we can check stage by stage whether it lifts along the
inclusions S2 = CP' C CP? C CP? C --- C CP™. The obstruction to a lift of the form
CP" —— Q®F

b
/\(
-
-
.
-
-
.

CPnJrl

is determined by a class in 79, +1Q°FE = mon+1 E.

Corollary 2.10. If E is concentrated in even degrees, then any choice of map S? — Q®°F
is a complex orientation (i.e. it is always complex orientable).

Remark 2.11. We have that KU is complex orientable by Bott periodicity.

3. CHERN CLASSES AND FGLs

We recall that a complex line bundle over a space X is classified by a homotopy class of
maps X — CP*°.

Definition 3.1. If E is a cohomology theory, complex oriented by a class u € E?(CP>),
then for any line bundle L — X, defined by a map

f: X —CP*®
we define ¢ (L) € E?(X) by ¢1(L) := f*(u).

In particular, the tautological line bundle over CP*® gives a map CP* — CP*°. Taking
the tensor product of this bundle with itself defines an element of

[CP™,CP*] x [CP*®,CP™] = [CP™ x CP>,CP™].
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We denote by g this resulting map. Then ¢g* induces a map on cohomology

g": E*(CP*) — E* (CP* x CP*).
If FE is complex orientable, this is a map of the form

E([u]] = E*[[z,y]].

Thus the image of u is some formal power series, and actually is a formal group law.
Remark 3.2. Every complex orientation of a multiplicative cohomology theory defines a
formal group law in E*[[z,y]].
Just as we can tensor line bundles, we can add them. The map Li,...,L, — @] L; is
classified by a map

6 :BU(1) x --- x BU(1) — BU(n),
which is homotopy equivariant. Applying [—, HZ] we get a map

H*(BU(n): Z) — H*(BU(1)SZ) 2 (HZ) ([tr,... ta]) = Zltr, ., 1],

which factors through the subspace Z[t1, ..., t,]> C Z[ty,...,t,] consisting of the equivari-
ant polynomials under permutation of the ¢;’s. Let ¢; denote the ith symmetric polynomial
on the t;’s:

cor=t1+...+1t,

Cy) = Z titj

]

o =t1-+ by
Then our construction above defines a function (which is really an isomorphism)
0% : H*(BU(n); Z) = Zlci, - - -, cn)-

By abuse of notation, let ¢; := (0*)~!(¢;). Now let X be any space, and consider a rank
n vector bundle on it given by X — BU(n). Then ¢; maps to a class in H*(X;Z) under
restriction. This is the ith Chern class.

Remark 3.3. An analogous discussion says that for any complex oriented cohomology
theory there is an isomorphism

E*(BU(n)) = E*[[c1, .. ., cnl]-
Again, for any X — BU(n) we get Chern classes in E*(X).

We can now wrap up the proof of the theorem above.
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“Ile1, - .-, en—1]], and E*(BU(n)) = E*[[c1,...,¢y]], under the
) = BU(n), we can view ¢, as a relative cohomology class

en € E* (BU(n), BU(n — 1)) .

Since E*(BU(n — 1)) = E
natural inclusion BU(n — 1

Let ¢ : EU(n) — BU(n) denote the universal bundle. This comes with an action by U(n)
whose quotient is BU(n). Since the unit disk bundle contracts to a zero section, we have
that BU(n) ~ D(¢). Since U(n — 1) C U(n), it also induces an action on EU(n). This
gives a fiber sequence

Un)/Un—1) —— EU(n)/U(n—1) — EU(n)/U(n)
gn-l +BUnN-1) —— BU(n).
Therefore BU(n — 1) — BU(n) is a sphere bundle, and is actually isomorphic to the unit
sphere bundle S(() sitting inside of EU(n) — BU(n). Thus we have that
¢n € E*(BU(n),BU(n — 1)) = E*(D((), 5(¢)) = E*(Th(()).
Proposition 3.4. We have that ¢, defines a Thom class for the universal bundle over

BU(n).

Thus from our complex orientation u we can define ¢,,, which gives us a Thom class for the
universal rank n bundle, which will give Thom classes for all rank n bundles.

4. REPRESENTABILITY OF COMPLEX ORIENTATIONS

We just used the Thom space of the universal bundle over BU(n) to construct universal
Thom classes. This construction turns out to be more general, providing another charac-
terization of complex orientations.

Definition 4.1. We define MU(n) := Th (EU(n) — BU(n)). By what we have seen above,
we have that MU(n) ~ BU(n)/BU(n — 1).

In particular since the nth Chern class was an element ¢, € E™(BU(n), BU(n—1)), we can
rephrase the nth Chern class as a map

Y*°MU(n) <% E.

As n varies, we can form MU(n) into a spectrum, though there is an indexing issue. The
structure maps come from the observation that

¥*MU(n) = £*Th(EU(n)) = Th(C ® EU(n)) = Th(EU(n + 1)) = MU(n + 1).
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So we define a spectrum MU by
MUs,, := MU(n)
MUgp41 := EMU(n).

Remark 4.2. We have that

(1) MU(0) ~ S
(2) MU(1) ~ £725°CP*>,

We also have that MU is multiplicative. Since there is a map
BU(n) x BU(m) — BU(n 4+ m)

which classifies direct sums, this induces a map MU(n) A MU(m) — MU(n + m). To
bootstrap this up to a multiplication on spectra, we define

(MU AMU),,, = MU,, A MU,
(MU AMU),,, 1 = MU, 1 A MU,
and check that these multiplications define a morphism g : MU A MU — MU (see Carrick

2.4). This is homotopy associative and unital, and moreover is homotopy commutative, so
MU is an Ey-ring spectrum.

Proposition 4.3. We have that MU is complex oriented.

Proof. For any complex bundle V' — X of complex rank n, it is classified by some map f
so that

V. —— EU(n)
I
X —— BU(n).

Applying Th, this gives us a map Th(¢,) — Th(V), that is, MU(n) — Th(V). We may
check that pulling back ¢, along this map gives a Thom class in H?"(Th(V)). We see
that such Thom classes are functorial along pullbacks, induce Thom isomorphisms, and
are multiplicative (since MU is a ring spectrum). O

If E is complex oriented, we said that every Thom class was pulled back from some Chern
class

cn € E*(BU(n),BU(n — 1)) = E*(D(Ca), S(Cn)) ~ E*(MU(n)).

That is, the Chern class for E is given by some map ¢, : MU(n) — X?"E. Since MU(n) is
concentrated in degree 0 here, this is the same as asking for a space map MU(n) — FEa,.
We can ask to what extent the ¢,,’s agree levelwise.



Thomas Brazelton Complex orientations February 19th, 2021

Proposition 4.4. We have that the diagram commutes up to homotopy

2 220n 2
S2MU(n) —2% $2F,,

! l

MU(n +1) —— Eanya.

¢n+1

Proof. We can induct on n. Beginning with n = 0, we have a map
$o : MU(0) ~ S° — E,

representing co := 1. Suppose that we have maps ¢, for £ < n yielding the Chern classes,
which commute in the sense above. By definition (or by base case), ¢; commutes with the
classes 1, that is, we have a diagram

g2
/ \
U(1) B > Fo.

This is because MU(1) is just CP*°. Smashing ¢, with ¢,,, we get a homotopy commutative
diagram

M

S2AMU(n) —2" 5 S2 A B,

1 xidl J/l xid

Since c1 - ¢, = ¢41 (as universal bundles), we have that the bottom square on the diagram
commutes up to homotopy

S2AMU(n) — s §2A B,

lxidi J/l xid

MU(1) AMU(n) 2228 By A Bay,

! J

MU(TZ+ 1) ¢—+1> E2n+2~

Thus the Chern classes correspond to a general map of spectra

c: MU — FE.

Proposition 4.5. The map described above is a unital ring spectra homomorphism.
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Proof. For unitality, we are asking that

S —— MU
N
E

commutes up to homotopy. Levelwise, we have asking for the composite 52" — MU(n) =%
FE», to be equivalent to 1, meaning that ¢, restricts to a unit of Fs, on the fiber, which is
precisely the statement that ¢, is a Thom class.

For multiplicativity, we want to see that the diagram commutes

MUAMU -y EAE

| |

MU —— E.

Up to some magic about smash products of spectra, this is the same as asking for diagrams
of the form

MU(n) AMU(m) <29% o A Eop,

l l

But this follows from the Whitney product formula. g
Theorem 4.6. The following are in natural bijection
(1) Ring maps MU — E.
(2) Complex orientations on E
Proof. We remark that the inclusion
Y 2CP*® ~ MU(1) — MU

gives a class t € MU?(CP>) which is a complex orientation. Moreover this is a universal
one. We therefore have a map

Homping (MU, E) — {complex orientations on E}
¢ — o(t).
We can check that this is inverse to the construction above. OJ

Thus MU is the “universal complex oriented cohomology theory,” and its distinguished
class t € MU?(CP®) is the “universal complex orientation.”
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Recall that for any complex oriented spectrum F, there was a map g : CP* x CP>* — CP*
which classified tensoring line bundles by the Yoneda lemma. If u € E?(CP>) was the
complex orientation, then we had an induced map

g* : E*[[u]] = E*(CP®) — E*(CP™ x CP®) ~ E*[[z, ]].

The image g*(u) was some formal group law in E*[[x, y]], providing a connection between
complex orientations and formal group laws.

Now let t € MU?(CP*) be the universal group law. Then g induces a map
g MU[[t]] = MU"[[z, y]],

sending t to some formal group law in x and y over the ring MU* = 7,MU. We are curious
what formal group law this is.

In order to understand what this is, we invoke Lazard’s Theorem, and we see that the
universal group law is represented by some particular ring map

L — m,MU.

Theorem 4.7. (Milnor—Quillen) The map above is a ring isomorphism.

We will spend the next few lectures (lectures 7—10 of Lurie) proving this statement. This
result completely tells us what the homotopy of MU looks like. Moreover, this aligns with
something we already knew: if E is complex orientable, it produces some formal group
law. The complex orientation on FE comes from some ring map MU — FE| inducing a ring
homomorphism 7,MU — 7, E. After roving this theorem, this is a map L — E*, which
determines the formal group law associated to the complex orientation on E. The goal for
this direction will be as follows:

(1) (Lecture 7) Compute H,(MU;Z) first.

(2) (Lecture 8) Determine a method for passing from integral homology to homotopy.
This is given by the Adams spectral sequence.

(3) (Lecture 9) Apply the Adams spectral sequence for MU to try to understand the
FEs-page

(4) (Lecture 10) Use this to prove the Milnor—Quillen theorem.

We will study MU in a bit more detail then take a crack at the first step of this. Before
doing so, we want to advertize some ideas that are coming up.

4.1. What is to come. Roughly speaking, there was a map
{complex orientations} — {FGLs} .

We can ask to what extent this is surjective. That is, given a ring R and an FGL in R[[z, y]],
does it arise from a complex orientation on some ring spectrum E? That is, does there
exist a ring spectrum E so that 7.(E) = R, and a ring spectrum map f : MU — E so that
m(f) : L — R classifies our given FGL? By Brown representability, this is equivalent to
asking about the existence of a generalized homology theory satisfying certain axioms. This
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problem is understood by Landweber exact functor theorem which provides necessary and
sufficient conditions to understand the spectra that arise in this fashion, and an algebraic
interpretation of the associated FGLs.

Another direction of study comes from the Adams—Novikov spectral sequence. Under cer-
tain conditions, for a spectrum X, we will have a spectral sequence converging to m,_4(X).
The terms on the FEs-page are group cohomology groups, with coefficients in MU, (X), the
MU-homology of X:

E3% is group cohomology with coefficients in the L-module MU, (X).

Passing into the world of algebraic geometry, we can view MU,(X) as a quasi-coherent
sheaf over the moduli stack Mg, = SpecL/G, where G is a group scheme which we could
think of as acting via reparametrizing formal group laws. The FEs-pages then turn into

E3?is stack cohomology of Mg, with coefficients in the quasi-coherent sheaf MU, (X).

This passage from L to My, carries some information in how it relates to other objects.
Let A be any ring:

We have that: ‘ ...correspond to:

Ring homomorphisms L — A FGLs over A

Scheme morphisms Spec A — SpecL | FGLs over A

Stack morphisms Spec A — Mg, “equivalence classes” of FGLs over A.

Understanding My, is equivalent (by Yoneda) to understanding all maps into My, which
is equivalent to understanding formal group laws. So we will be really interested in the
structure of My, as a stack. We observe that My, is not an algebraic stack since it doesn’t
admit a presentation by a locally of finite type scheme (since there are too many generators
on L). It is, however, a filtered colimit of algebraic stacks

Mg = colim, M.
We could very roughly envision M% as some stacky analogue of the n-skeleton of a CW
structure on /\/l?g. The A-points of /\/l?g correspond to formal group laws of “height” n. So

studying this stratification by algebraic stacks corresponds to studying formal group laws
by their height.
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