TWISTED A'-DEGREES AND WRONSKI MAPS

THOMAS BRAZELTON AND JAKE LEVINSON

ABSTRACT. The Wronski map is a central object of study in osculating Schubert calculus, and
has been the focus of much work in real algebraic geometry over the last few decades due to its
remarkable reality properties. In this work, we study it over arbitrary fields through the lens of
quadratically-enriched enumerative geometry. A basic obstruction is that the Wronski map is not
oriented in general, so existing approaches do not apply directly. To that end, we introduce twisted
A'-degrees of finite flat lci maps of schemes, which generalize ordinary A'-degrees by allowing us to
twist an orientation by the equation of a divisor, and A'-chambers, which generalize the notion of
connected component of a real manifold.

We then show that a certain weighted count of the fibers of the Wronski map depends only on the
action of the absolute Galois group of the base field on the roots of the Wronski polynomial. This
unifies Eremenko and Gabrielov’s work on real degrees of Wronski maps, Levinson and Purbhoo’s
work on the character orientation of the real Wronski map, and Brazelton’s work on enriched degrees
of Wronski maps into one framework.

1. INTRODUCTION

In the past decade, new techniques have emerged that import techniques from motivic homotopy
theory into enumerative algebraic geometry. Common to these results is the idea that, while the
principle of conservation of number breaks for enumerative problems over a non-closed field, one can
often obtain a conserved quantity by weighting each solution by a quadratic form. This program is
called quadratically enriched enumerative geometry. Landmark results in this direction include the
enriched count of the 27 lines on a cubic surface [KW21] and the recent development of quadratically
enriched Gromov-Witten invariants [KLSW26a].

One technique used in this program is to associate to a map f : X — Y (say a finite map of
smooth varieties) a so-called A!-degree deg(f), taking values in the Grothendieck-Witt sheaf GW(Y).
The Al-degree can be interpreted as counting the points of a fiber f~!(y), weighted by the square
classes of the Jacobian determinant of f along the fiber (see [KLSW26a, 3.10] or Proposition 2.12).
To carry out this procedure, two important requirements are:

> f must be orientable, that is, the bundle of relative differentials wy must be isomorphic to
the square of a line bundle,
> for the Al-degree count to be independent of the choice of fiber, Y must be A'-connected.

These are quadratically-enriched analogues of the classical fact that the Brouwer degree of a map of
real manifolds is defined only when the map is oriented, and is constant only over a connected base.

This paper makes two contributions. In the first part of the paper, we show how to relax the
orientability and A'-connectivity assumptions above. We introduce the notions of orientation of
a map relative to a divisor (Definition 3.10), twisted Al-degree (Definition 3.11) and Al-chamber
(Definitions 3.18 and 3.20). These definitions allow us to use ‘twisted’” orientations p of a map
f: X — Y, essentially twisting the local weighting of each point of the fiber by the equation s of a
Cartier divisor, obtaining a new class deg®(f, p) € GW(Y). We show:

Proposition 1.1 (Twisted local degree formula). Let p be an orientation of f relative to a Cartier
divisor D and let s be an equation for D. Let y € Y\ f(D) be a point over which f is étale. Then
1
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the twisted degree is given by
deg®(f, p)(y) = Z Tri(z)/k(y) (Jac(f)(2) - s(2)).

zef~1(y)

This is an equality in the Grothendieck-Witt group of the residue field k(y).
We then prove the following fiber invariance statement within A'-chambers of f relative to D:

Theorem 1.2 (Theorem 3.21). Let f: X — Y be a finite flat lci morphism, let D C X be a Cartier
divisor with equation s, and let p be a D-orientation of f. Let g: W — Y be an A'-chamber of f
relative to D, and let y1,y2 € Y (k) be in the image of W (k) by g. Then their twisted degrees are
equal:

deg®(f, p)(y1) = deg®(f, p)(y2) in GW(E).

Notably, even if f is not orientable (in the usual sense), it may possess a natural twisted orientation
and so have natural twisted A'-degrees and associated conserved quantities within A'-chambers.

In the second part of the paper, we apply these notions to define twisted A'-degrees of Wronski
maps, which arise in the classical geometry of curves and in Schubert calculus. The Wronskian of
polynomials fi,..., fa € k[t|<d+m—1 is the determinant Wr(f1,..., fq) = det (g{;) Up to scalar, it
depends only on the linear span of f1,..., f4, and has degree at most dm, and so yields a map of
varieties

Wr : Gr(d, d + m) — P,

The Wronski map is finite and flat, but a straightforward calculation (Lemma 4.16) shows that it
need not be orientable; specifically, it is orientable if and only if d or m is odd. The Wronski map is
particularly well-known in relation to the Shapiro—Shapiro conjecture, one of several conjectures
and theorems related to real Schubert calculus (see e.g. [Sot09] for an overview). Most famous
is the statement, proven by Mukhin-Tarasov—Varchenko [MTV09] (and previously by Eremenko—
Gabrielov in the case d = 2 [EGO1]), that if f € Clt]<gm is a polynomial with all real roots,
then the fiber Wr!(f) consists entirely of real points. These results have been generalized in
many directions, including to orthogonal Grassmannians [Purll, GLP23], to results in algebraic
combinatorics [Purl0], moduli spaces of curves [Speld], K-theory [Lev17, GL17], and positivity
of solutions [KMT25, KP26], while other extensions remain open (see e.g. [Sot00, HHMdC™15]).
Related work also includes [KS03, HSZ17, CDH23, CDGL™"25].

The most direct precursors to our paper are those focused on the degree of the Wronski map. It is
classically known that its complex (or algebraic) degree is the number of standard Young tableaux of
rectangular shape d x m, i.e. the degree of the Grassmannian in its Pliicker embedding. In [EG02],
Eremenko—Gabrielov computed the topological Brouwer degree of the real Wronski map, working
over a Schubert cell, with its standard orientation. Since this number constitutes a lower bound for
the number of real points in any fiber, one might hope to prove that the fibers are entirely real (i.e.
the result of [MTV09] above) by establishing a sufficiently large lower bound. Unfortunately, the
real degree turns out to be zero when m + d is even, and is equal to a count of shifted standard
Young tableaux of a certain shape when m + d is odd — this count is strictly smaller than the
complex degree. Brazelton [Bra25] gave a partial quadratic enrichment of this result, computing
the Al-degree of the Wronski map over a Schubert cell, and giving a formula for its local degrees
under mild characteristic assumptions.

Recently, Levinson—Purbhoo showed that an approach to the Shapiro—Shapiro conjecture via
topological degrees can be made to work by using a different choice of orientation [LP21]. Specifically,
one divides the real projective space into chambers P, C RP™ where 1 = (2°17) is a partition and
P, is the set of polynomials with r real and 2s complex conjugate roots. One then computes the
degree of the real Wronski map (over each chamber) with respect to a different orientation called
the character orientation. This new degree turns out to be the symmetric group character value
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XEEB(,u), where BH denotes the d x m rectangle. When p = (19™), this bound exactly implies the
Shapiro—Shapiro conjecture, while for other choices of u it yields new information about Wronskians
with mixed real and complex roots. A noteworthy feature of this construction is that, although
it involves real topological degrees and real orientability, the character orientation is, at its core,
algebraic: it is given by multiplying the ordinary orientation by (the sign of) the equation for a
certain divisor, the domino variety Zg C Gr(d,d+m), one of two divisors that lie over the boundary
between the chambers P,.

This paper, specifically the idea of twisting an orientation by the equation of a divisor, emerged
from seeking to combine the approaches of Levinson—Purbhoo and Brazelton to define analogous
“twisted” degrees of the Wronski map over arbitrary fields. We prove, in the language introduced in
the first part of the paper, that the Wronski map admits an orientation pg relative to the domino
variety Zg (Lemma 4.16). We then argue that certain twisted root spaces of Wronski polynomials
yield a complete class of A'-chambers for the Wronski map relative to the domino variety (see
Definition 5.4 and Lemma 5.13). In particular, every polynomial w(t) € k[t]<gn, is in one of these
chambers; which chamber it is in is determined by the Galois orbit type of the roots of w(t).

We thereby deduce that there is a well-defined twisted A'-degree of the Wronski map, twisted by
the equation sg of Zg, whose value is independent of the choice of fiber, depending only upon the
Galois orbit type of the roots of the Wronskian (and on the base field). Our result holds for all
fields of characteristic 0 or in sufficiently large positive characteristic.

Theorem 1.3 (See Theorem 5.15). Let k be a field of characteristic 0 or > md. Let w(t) € k[t]<dm
be a polynomial, corresponding to a point w € P (k). Then the twisted degree of the Wronski
map over w, deg®™(Wr, pg)(w), depends only on the Galois orbit type of the roots of w(t).

More precisely, for every continuous Galois action o: Gal(k®/k) — X4y, there is a well-defined
twisted degree of the Wronski map deg?(Wr) € GW (k), such that if the roots of w(¢t) have the orbit
type of o, then deg™®(Wr, pg)(w) = deg? (Wr).

Over the real numbers, the sign of deg?(Wr) recovers the Brouwer degree of the Wronski map
computed with respect to the relative character orientation in [LP21]. Over other fields, however,
there are more Galois actions on the roots which are not visible over the reals. For example we have
the following (see Proposition 6.1 and ensuing discussion):

Example 1.4. Over any field k of characteristic # 2,3, the twisted degree of the Wronski map for
d =m = 2 computed with the character orientation pg is

degSB(WL IOB) = <37 fA> in gW(P4 \ A)?

where fa is the standard equation for the discriminant of the Wronski polynomial. The square
class of A depends upon the Wronski polynomial over which we carry out this computation, but
only depends upon the Galois orbits of its roots by our main theorem. Over a finite field I, of
characteristic > 5 for instance, the data of a Galois action on the four roots is the same as a partition
of the roots, so we obtain the following twisted degrees:

ol 11 2h12 27 3t 4t
deg”(Wr) | (1,3) (1,3u) (1,3) (1,3) (1,3u)

where u € F, is any non-square class.

It would be interesting to know deg?(Wr) for general d, m and o, over an arbitrary field k.
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2. BACKGROUND ON A!'-ENUMERATIVE GEOMETRY

Here we recap the theory of Grothendieck—Witt sheaves of non-degenerate symmetric bilinear
forms on schemes, and how to produce A'-Brouwer degrees of finite flat lci oriented morphisms.

2.1. The Grothendieck—Witt sheaf. We recall the Grothendieck—Witt sheaf of a qcgs scheme,
first defined by Morel for smooth varieties over a field [Mor12], which encodes isomorphism classes
of families of quadratic forms.

Notation 2.1. Throughout, k denotes a field and X,Y are qcgs schemes over k.

Consider the groupoid whose objects are pairs (V, #) where V is a locally free sheaf of Oy-modules
of finite rank, and

(2.1) B:V xV = Oy

is a nondegenerate symmetric bilinear form. This data defines a Nisnevich stack on qcgs schemes
(in fact on qcgs algebraic spaces) by work of many authors [Morl2, Sch10, HL25]. We take the
groupoid completion with respect to direct sum, obtaining a Nisnevich sheaf of abelian groups

GW: Sch®® = — Ab,

qcgs
called the Grothendieck—Witt sheaf. In particular, the pairing 3 determines a section 8 € GW(Y),
and direct sums (V& V', & ') correspond to sums S+ 3" € GW(Y'). Conversely, any section can be
represented locally by a formal sum of nondegenerate symmetric bilinear forms as in Equation (2.1)
on open subsets U C Y. The Grothendieck-Witt sheaf is unramified in the sense of [OP99], meaning
it is insensitive to the deletion of a subspace of codimension > 2 when the ambient scheme is smooth:
if Y is smooth over £ and Z C Y has codimension > 2, then the restriction map

GW(Y) = GW(IY \ 2)

is an isomorphism.
The value of GW on the spectrum of a field recovers the classical Grothendieck—Witt ring:

Definition 2.2. We denote by GW (k) := GW(Spec(k)) the Grothendieck—Witt ring of the field k.
It is isomorphic to the group completion of the semiring of isomorphism classes of non-degenerate
symmetric bilinear forms over k.

Notation 2.3. Given a unit a € k*, we denote by (a) the bilinear form defined by
(a): k xk—k
(z,y) = axy

These form additive generators for GW (k). We note that (ab?) = (a) whenever a,b € kX, so that
GW (k) is in fact generated by the classes of the elements of kX /k*?. We will make use of the
following notation for a sum of elements, and for the hyperbolic form, respectively:

(a1,...,apn) :={a1) + ... {(an)
h:=(1,-1).
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Remark 2.4. When 2 is inverted over a field (or more generally over a suitably nice ring, see
[MHT73]), the Grothendieck—-Witt ring captures the theory of quadratic forms over the ring. We refer
the reader to [Lam04] for more background on this and for general facts about the Grothendieck—Witt
ring of a field.

Notation 2.5. Let L/k be a field extension. The map p: Spec(L) — Spec(k) induces a natural
homomorphism

p*: GW(k) - GW(L).
Explicitly, given the form 8 : V xV — k, we tensor up to L to obtain a form (V ®y L) x (V ®y L) — L.

Notation 2.6. Given any invertible Ox-module £, we can define the twisted Grothendieck—Witt
sheaf GW(X, L) from isomorphism classes of £-valued non-degenerate symmetric bilinear forms

VxV =L
The tensor product of forms induces a natural pairing for any line bundles £;:
QW(X,El) X QW(X, ﬁg) — QW(X, L1 ® ﬁg)

Remark 2.7. For any line bundles £; and Lo, twisting V' by L5 yields a canonical isomorphism
GW(X, L1) = GW(X, L1 ® LS?). Hence we might talk about equality of two forms, where one form
lives in one group and one in another, and this is well-defined. As a subtlety to be aware of: if
we know only that two line bundles £ and £’ define the same class in Pic(X)/2 then GW(X, L)
and GW(X, L) are isomorphic, but not canonically so. To exhibit an isomorphism one must pick a
square root line bundle (i.e. a choice of L3 above) — this is called an alignment in [BC12].

2.2. Duality and transfer. A morphism of schemes f: X — Y induces a pullback on global
sections GW(Y) — GW(X). We now recall how, for a sufficiently nice morphism, we can push
forward twisted forms from X back to Y.

Notation 2.8. For the remainder of this section, continuing Notation 2.1, f : X — Y denotes a
finite flat lci (locally complete intersection) morphism.

Under the assumptions of Notation 2.8, we can construct a line bundle wy on X as the determinant
of the cotangent complex of the morphism f. Grothendieck-Serre duality supplies us with a well-
defined trace between the proper pushforward of this complex and the structure sheaf on Y (see e.g.
[BW23, Appendix BJ):

(2.2) faws = Oy.
Given any symmetric bilinear form V' x V — wy over X, we can apply f. and post-compose with
the trace to obtain a symmetric bilinear form over Y (note that f,V is still a locally free sheaf on

Y since f is finite and flat). This operation preserves non-degenerate forms (c.f. [KLSW26a, 2.5]),
therefore defines a pushforward map

(2.3) e GIW( X, wyp) = GIW(Y).
Example 2.9. Let L/k be a finite separable field extension. The associated cotangent complex is
trivial, so we obtain the field trace Try /, : GW(L) = GW (k).

2.3. Orientations and degrees. We now recall the definition of A'-degree.

Terminology 2.10. Following [KLSW26a, 2.2]', we define an orientation of f to be a choice of line
bundle £ — X and an isomorphism p: £8% 5 w ¢ We say f is orientable if an orientation exists, i.e.
if wy is isomorphic to the square of a line bundle, and oriented if we have fixed an orientation. We
may likewise think of p as a pairing £ x £ — wy; we call the corresponding section p € GW(X, wy)
an orientation class (of f).

1Our convention for p is inverse from theirs, but the definition is essentially the same.
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Putting this all together, we have:

Definition 2.11 ([KLSW26a, 2.4]). Let p be an orientation of f. We define the (Al-)degree of f to
be the class

deg(f,p) == fip € GW(Y),

where f, is the pushforward from Equation (2.3) and p is the orientation class from Terminology 2.10.

This degree resembles the classical Brouwer degree in the following sense. Given a closed point
y: Spec(k(y)) — Y, we can pull back deg(f, p) € GW(Y') to obtain a class we denote by deg(f, p)(v)
in GW(k(y)), which is a quadratic form. If f is étale over y, then the degree is obtained by counting
points along the fiber, weighted by the square class of the Jacobian of f at z, as in the following
proposition. This is analogous to the classical Brouwer degree, where we count points weighted by
the sign of the Jacobian (over R).

Proposition 2.12 ([KLSW26a, 3.10]). Let p be an orientation of f. Then for any y € Y over
which f is étale, we have an equality in GW(k(y)) of the form

(2.4) deg(f,0)() = > Trigmey) Jac(f)(x)).
zef~1(y)

The summand for z is called the local degree of f at x (with respect to p). Note that the Jacobian
is computed in charts compatible with the orientation p (for further details, see [KLSW26a]).

We note that A'-degrees pull back along flat maps:

Proposition 2.13 ([KLSW26a, 2.8]). Let p be an orientation of f. Let g: Y' — Y be flat and let
f" and ¢’ be defined by the pullback diagram

X 2 x
f’l lf
Yi—— Y.
Then f’ is finite flat lci and oriented by ¢"*p, and deg(f’, ¢ p) = g* deg(f, p) in GW(Y”).
2.3.1. Choices of orientation. It is common in the literature to suppress p and simply write deg(f)

when the orientation is implicitly understood. It is important, though, to note that degree does
depend intrinsically on the choice of orientation p, as the following example illuminates:

Example 2.14. Consider the identity map id: Spec(k) — Spec(k). Its cotangent complex is trivial
of rank one, as is any line bundle, so a choice of isomorphism p is a choice of multiplication by a
scalar u € k*. For such a p, call it p, to remember the scalar, the degree deg(f, p,,) € GW(k) is the
composite

kxk—k
(z,y) = uzy,

which is the class (u). This clearly can change depending upon the square class of u.

In special cases, the choice of orientation can safely be suppressed, as it does not severely affect
the resulting computation:

Example 2.15. Suppose X has H(O%) = k* (e.g. X proper and geometrically connected) and
Pic(X)[2] = 0. Then any two orientations p; : LT — wy and pg : £L5? — w; of f are related by a
scalar u € k*, and in particular

deg(f, p1) = (u) deg(f, p2).
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To see this: since Pic(X)[2] = 0, any two square roots of wy are isomorphic, so there is an
isomorphism ¢: £1 — L. The composite

-1
p @2
wy RN E?Q —>¢ E?Q LN Wy

is an automorphism of wy, hence is multiplication by a scalar v € H 0((’);() = k*. Thus the two
degrees differ by multiplication by the class (u).

However, in general and in our application to Wronski maps, different orientations can change
the degree by much more than multiplication by a scalar.

Example 2.16. Let X = Y = G,, = Spec(k[t,t7!]), and let f: X — Y be the squaring map
sending ¢ — t2. The square classes of global units are k* /(k*)? x Z/2, where the extra cyclic group
of order two comes from whether the power on ¢ is even or odd. We compute the degree using
Proposition 2.12 with y = 1. Letting p: Ox = O%* send 1+ 1 ® 1, the local degree is (1) at = = 1
and is (—1) at x = —1, so
deg(f, p)(1) = (1,-1)

is the hyperbolic form. If we instead take p’ to be the isomorphism sending 1 + 1 ® ¢, the local
degree at © = 1 does not change, while the local degree at = —1 changes from to (1), so

deg(f, p')(1) = 2(1).
Indeed, as sections of GW(Y') we have deg(f, p) = (1,—1) and deg(f,p') = (1,t) € GW(G,,,). We
may also observe that deg(f, p’)(y) depends on y.

2.4. Al-connectedness. Given a class in GW(Y) (e.g. a degree, as above), we can take a closed
point y € Y and pull back along the inclusion Spec(k(y)) — Y to obtain a class in GW(k(y)). One
can ask: when is this form independent of the choice of closed point?

Harder’s theorem [Lam06, VII| states that non-degenerate symmetric bilinear forms over k|t]
are always extended from forms over k. This leads to the observation that if two points in Y with
the same residue field L can be connected along an affine line A}, then the pullback of the form
in GW(Y) to either of the points will yield the same class in GW(L). To that end, we recall the
following notion from A'-homotopy theory:

Definition 2.17 ([AM11]). Let Y be a smooth k-variety. We say that Y is Al-chain connected if,
for every finitely generated separable extension L/k and every pair of points x,y € Y (L), there is
some n and some sequence of points x = xg, x1, ..., T, = ¥ and morphisms

gi: Ai — YL
so that ¢;(0) = z; and ¢;(1) = x;41 for all i > 1.

Proposition 2.18. If Y is an A'-chain connected k-variety, then we have a canonical isomorphism
GW(k) = GW(Y), induced by the structure morphism Y — Spec(k). In particular, for any
B € GW(Y), there is a unique class f € GW(k), such that:
(1) For any finite field extension L/k and any L-point y € Y, we have that 8(y) = p*B in
GW(L), where p is the pullback (Notation 2.5).
(2) If p is an orientation of f: X — Y, then the sum of local degrees in Equation (2.4) is always
equal to p*f. In particular, it is independent of the choice of fiber.

As a special case of (1), for any k-point y € Y, we have 5(y) = 3 in GW (k).

There is a weaker notion of a variety being Al-connected, which is sufficient to extract a class in
GW (k) from a class in GW(Y) (see e.g. [KLSW26a, 2.35]). Every Al-chain connected variety is
A'-connected, but the converse doesn’t hold in general [AM11]. For the purposes of this paper, we
only need to work with A!-chain connectivity to state our results. The following slight weakening
will also be useful:
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Definition 2.19. We say Y is essentially Al—conngcted if there exists a smooth Al-connected
variety Y and an open immersion Y <+ Y such that Y \ Y has codimension 2 in Y. 2

The analogue of Proposition 2.18 holds for essentially Al-connected varieties because
GW(Y) = gIW(Y)

is an isomorphism by unramifiedness of GWW. We also note that the property of being essentially
Al-connected is preserved under deletion of loci of codimension > 2, whereas A'-chain connectedness
need not be preserved [AD09, 2.16].

Example 2.20 (Examples of Al'-connected k-schemes). Projective space, _Grassmannians, gen-
eralized flag varieties, smooth proper toric varieties, and the moduli space My, are all Al-chain
connected.

We have the following example of a smooth variety which fails to be A!-chain connected.
Example 2.21. The moduli space M, is not Al-chain connected for n > 4.

Proof. For n = 4, any morphism ¢: A — My 4 extends to a map g: Pt — My 4, since P! is a
smooth curve and Mg 4 is proper. If g is nonconstant, then g is dominant, hence g is surjective, so
at least three points on P! map to the three boundary points of Mo 4, hence at least two points on
A' map to the boundary, which is a contradiction. Thus any such g is constant. For general n > 4,

we use the natural embedding ¢: M, < (MOA)(Z) via the product of the all possible projection
maps Mg, — Mo 4 remembering four marked points. Any map g: Al — My, extends to a map
g: Pl My . By the observations above, ¢ o7 is constant along each factor, hence o is constant.
Since ¢ is an embedding, it follows that g, and therefore g, are likewise constant. O

3. TWISTED DEGREES AND A!'-CHAMBERS

We now define ‘twisted’ A'-degrees for maps f : X — Y under weakened orientability and
Al-connectivity hypotheses. We state versions of Terminology 2.10 and Definition 2.11 (see Defini-
tion 3.10 and Definition 3.11), the Jacobian formula Proposition 2.12 (see Proposition 3.12), flat
pullback Proposition 2.13 (Proposition 3.13) and fiber invariance Proposition 2.18 (see Proposi-
tion 3.19 and Theorem 3.21).

Before these results, we first discuss two closely-related ways of twisting Grothendieck-Witt
classes: by units up to squares, and by sections of line bundles which are associated to divisors.
We then define twisted Al-degrees for maps f that are not necessarily orientable in the sense of
Terminology 2.10. Finally, we introduce the notion of A'-chamber, for the case where Y is not
A'-connected (but is perhaps ‘close’ to being Al-connected).

3.1. Twisting Grothendieck—Witt classes by units up to squares. Here we discuss how
Grothendieck—Witt classes can be twisted by sections of the sheaf of invertible regular functions up to
squares. Let s € HY(X, 0%) and let 3 € GW(X, L) be a class represented by a form 8: V x V — L.
We define s - 8 to be the form

(3.1) VvxVSLSL
This defines an action of H(X,0%) on GW(X, L). Tt is clear that sections of O%* act trivially, so

g;((gg‘z)) on GW(X, L). It in fact extends to an action of HY(O%/O0%?):

this gives an action of

Proposition 3.1. Let £ — X be any line bundle. Then there is a well-defined multiplication action
of HY(0%/0%%) on GW(X, L).

2Essentially Al-connected varieties over infinite fields are expected to be themselves A'-connected, although this is
unknown at the time of writing.
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Proof. Let s € HO(O%/O%?) be a global section, given by data (U, s;), where s; is a unit and s;/s;

is a square on U;; := U; NU;. Let V xV ﬁ) L be as above. On each U;, we twist by s; as in
Equation (3.1) to obtain twisted pairings 3; := s; - flu, € GW(U;, L|y,). On double overlaps Uj;,

Bi|Uij = Bj‘Uij € gW(Uij’£|Uij)
since s;/s; is a square on U;j. Thus these classes glue to a section of GW(X, L). O

Notation 3.2. In Proposition 3.1, if s € HO(O%/O%?) and 8 € GW(X, L), we denote the resulting
scaled form by s- 5 € GW(X, L).

We note that not all sections of O%/ O)X(? come from global invertible regular functions on X. In
nice cases, we can characterize the sections precisely. Although we do not make use of the following
result in the proof of our main theorem, we include it for the curious reader:

Proposition 3.3. Let X be a disjoint union of integral schemes (e.g. X smooth). Then there is a
short exact sequence of the form
H°(0%)

(3:2) VT oy

— HY(0%/0%%) — Pic(X)[2] = 0

Proof. The proof reduces to the case where X is integral. Consider the exact sequence of Zariski
sheaves

(*) 0= pg — 0% 5 0% = 0% /0% =0,

where sq is the squaring map. The sheaf uo is flasque, so taking hypercohomology yields a spectral
sequence with E1 page as follows, showing only the first three rows:

HO: {£1} —— HY(0%) 2 HY(O%) —— HY(O%/0%3)
e

H' . 0 Pic(X) 9 Pic(X) —— HY(OL/O2)

H?: 0 0 0 H?(0%/0%%)

The dashed arrow comes from the Es page. The sequence abuts to 0 since (x) is exact, so we obtain
an isomorphism

H°(0%) . 54, 1o .
coker(HO(Og)Q — HY(0% /0;2)> = ker (Pic(X) <% Pic(X)) = Pic(X)[2].
If X is a disjoint union of integral (smooth) schemes, the calculation above distributes over the
components of X. O

The map to the 2-torsion elements in the Picard group in Proposition 3.3 is given as follows: let
s be represented by (Uj, s;), where each s; is invertible on U; and s;/s; is a square. Let g;; be a
choice of square root of s;/s;. We define on triple overlaps Ujjp,

€ijk = 9ij9ikgri € {£1},

observing that e?jk = 1 by definition of s. Since HZ, (X, p2) = 0, we can globally resolve the signs
on the €, so that they are all 1. Then the g;; yield a line bundle, which squares to the trivial
bundle since g7; = si/s;.
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Remark 3.4. If X is reducible, or more generally if H'(X, ju2) # 0, the left term in Equation (3.2)

HO(O X)
HO(0%?)
more complicated and we do not get a well-defined map to Pic(X)[2].

should be replaced by to account for local squares. If H2(X, us) # 0, the description is

3.2. Twisting Grothendieck—Witt classes by sections of divisor sheaves. There is a more
general notion of twisting we can do, which is by a section of O(D), where D is a Cartier divisor.
The twists by sections of Oy are the particular case where the divisor D is the zero divisor. However
in this more general setting, the resulting classes are only non-degenerate over the complement of D.

Terminology 3.5. We will say an equation for D is a section s € H(O(D)) that locally generates
the ideal sheaf of D.

Notation 3.6. Let 8: V x V — L a non-degenerate symmetric bilinear form on X. Let D be a
Cartier divisor and s an equation for D. The composite

Y ENY§))

is a symmetric bilinear form on X, which visibly vanishes along D. Pulling it back to X \ D yields
a well-defined class in GW(X \ D, L(D)), which we denote s - 3.

Just as in Proposition 3.1, we have a version of invariance of this twisting operation under squares:

Proposition 3.7. Let § € GW(X, L), let D, E be Cartier divisors on X, and let s and ¢ be
equations for D and E, respectively. We have twisted forms s -5 € GW(X \ D,L(D)) and
st?- B € QW(X \ (DU E) L(D +2E)). Then after pulling back s- 3 to X \ (DU E), we have that
s- (3 and st® - § are equal.’

Proof. Let 8 be represented by V x V — L. Then this proposition comes from the observation that
the diagram commutes:

V(-E) x V(—E) — r(—2B) —25 (D

| I u D

VxV 5 L .

As a special case, Proposition 3.7 allows us to remove vanishing loci of even order, extending the
forms back over all of X:

Remark 3.8. Let D be a Cartier divisor. Let s be an equation for 2D. Then for any equation ¢ for
D, we may write s = ut? for some u € H°(O*). By Proposition 3.7, for any 8 € GW(X, L),

s-B=u-B|x\p-
The class u - f € GW(X) is moreover independent of the choice of ¢. Indeed it is even harmless to

vary the choice of ¢ (and therefore u) locally on X, since the class of u = s/t in O%/O%? does not
change. Note that u - 8 need not equal 5.

3.3. Twisted orientations and twisted degrees. We now introduce what we call the twisted
degree of a map relative to a divisor. We are motivated both by the idea of orientations of vector
bundles relative to divisors, following [LV21], as well as the theory of scaled trace forms, whose use
in real root counting is classically known (see [LGMSY24] for a nice introduction).

Notation 3.9. For the remainder of this section, & is a field, X and Y are qcgs k-schemes, f: X — Y
is finite flat and lci, D is a Cartier divisor on X and s is an equation for D.

3Equality here is as in Remark 2.7: the forms are identified along the canonical isomorphism GW (X \(DUE), £L(D)) =
GW(X\ (DUE),L(D +2E)).
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We make the following natural definition.

Definition 3.10. A D-orientation of f is a line bundle £ — X and a choice of isomorphism
p: LP? 5w @ O(=-D).

We say f is D-orientable if it admits such an isomorphism and D-oriented if we have fixed one,
and we call the resulting class in GW(X,w¢(—D)) a D-orientation class (of f). Finally, we call
s-p€GW(X \ D,wy) a twisted orientation class of f.

Definition 3.11. We define the twisted degree of f (with respect to D and s) as follows: we restrict
the twisted orientation class s-p to X \ f~1f(D), then push forward along X \ f~1f(D) — Y\ f(D)
(which is again finite flat and lci). We denote it

deg®(f,p) := fu(s - plx\f-15p)) € GV \ f(D)).

Explicitly, it is the restriction of the following symmetric bilinear form to Y\ f(D):
FoL 5 fule = Fu(£%%) L2 £ (0 @ O(=D)) L5 fuwp 25 Oy
Similarly to Proposition 2.12, we can pull back a twisted degree deg®(f,p) € GW(Y \ f(D)) to a
point y € GW(k(y)) to get a class we write as deg®(f, p)(y). We then have:

Proposition 3.12 (Twisted local degree formula). Let p be a D-orientation of f. Then for any
point y € Y\ f(D) over which f is étale, we have an equality in GW(k(y)) of the form

deg®(f, p)(y) = Z Tri(2)/k(y) (Jac(f)(2) - s(2)).
zef~1Hy)
Thus the local degree is twisted by the square class of the section s across the fiber.
Proof. When we pull deg®(f, p) € GW(Y \ f(D)) back to y, it decomposes as a sum of forms over

the preimages of y, as in [KLSW26a, Definition 3.1]. By keeping track of the scaling by s in the
proofs of [KLSW26a, 3.5,3.8], the result follows. O

As an analogy of Proposition 2.13 we have the following:

Proposition 3.13. Let p be a D-orientation of f. Let g: Y/ — Y be flat and let f’ and ¢’ be
defined by the pullback diagram

X 2o X

f ’l lf

Y —— Y.
Then f’ is finite flat and lci, ¢"*p is a ¢’* D-orientation of f/, and we have an equality in GW(Y”\
g1 f(D)) of the form

9" deg®(f, p) = deg? *(f',g"p).

Remark 3.14. Twisting the orientation class does not commute with pushforward and can change
the degree of the map, just like changing the orientation, e.g. by altering the local degrees across a

fiber. Even when D = 0 and s - p differs from p by global invertible function on X, we should not
expect deg®(f, p) to differ from deg(f, p) in a simple way (unless X has very few such functions).

We note the behavior on twisted degrees, considered up to squares:

Proposition 3.15 (Twisted degrees up to squares). Let p : L5 = w; ® O(—D) be a D-orientation
of f. Let E be another Cartier divisor on X and t an equation for E. Let p(—2F) be the twist of p

by O(—2E). Then deg?(f, p) = deg®" (£, p(—2E)) in GW(Y \ /(DU ).
Proof. This follows by Proposition 3.7. O
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A particular case is when f is oriented relative to the square of a divisor. We can then extract
two different degrees, which are twisted and untwisted:

Remark 3.16. Let p : £%2 5 wr ®@ O(—D) be a D-orientation of f and assume that D = 2F,
where F is a Cartier divisor.

(1) The class p(F) defined by

(3.3) L(E) x L(E) — £2% © 0(2F) 22%0e8),
is an orientation class of f in the sense of Terminology 2.10. Thus we obtain a well-defined
(untwisted) degree
deg(f; p(E)) = f(p(E)) € GW(Y).
(2) By writing s = ut? for some equation ¢ for E and some u € H(X, O%), by Proposition 3.15
the twisted degree deg®(f,p) € GW(Y \ f(F)) extends to the twisted degree deg"(f, p(E)),
which is again defined along all of f:

deg”(f, p(E)) = fu(u- p(E)) € GW(Y).
As in Remark 3.14, deg(f, p(E)) and deg"(f, p(E)) are different in general.

Example 3.17. A notable case that combines Proposition 3.13 and Remark 3.16 is when D is
not the square of a Cartier divisor, but the pullback ¢"*(D) is a square of a Cartier divisor, say
¢”*D = 2E. In this case deg®(f, p) is the only available ‘degree’ of f and is defined only on Y\ f(D).
By Remark 3.16, the pullback g* deg®(f, p) extends to a twisted degree of f’, defined on all of Y.
We also see that f” also has an ‘untwisted’” degree deg(f’, (¢*p)(E)). As discussed above, the two
degrees can be quite different. Indeed, this is the essential mechanism behind our main result on
Wronski maps.

3.4. Al-chambers. The definition of untwisted degrees motivates the following setup. We maintain
Notation 3.9.

Let p be an orientation of the map f: X — Y. If Y is not A'-connected, the class deg(f, p) €
GW(Y) need not be fiber-invariant: the value of deg(f, p)(y) € GW(k(y)) as in Proposition 2.12
may depend upon the choice of closed point y € Y. In differential topology, we study the connected
components of Y, as Brouwer degrees are constant in fibers on each connected component; these
are called chambers. In algebraic geometry, we work instead with a slightly different notion, which
we will call an A'-chamber.

Definition 3.18. Let Y be a k-variety. An Al-chamber of Y is a flat morphism g: W — Y for
which W is smooth and essentially A!-connected.

An arbitrary variety need not admit any A'-chambers, although in the context considered in this
paper we have many natural ones to consider. The primary advantage of chambers is that points
lying in the (image of the) same A!-chamber have a fiber-invariance property.

Proposition 3.19 (Fiber invariance within A'-chambers). Let p be an orientation of f. Let
g: W — Y be an Al-chamber, let L/k be a field extension, and let y1,%2 € Y(L) be two L-points
lying in the image of g. Then deg(f, p)(y1) = deg(f, p)(y2) in GW(L).

Proof. The maps y1,y2: Spec(L) — Y factor through W. By Proposition 2.13, we can compute
their fiber degrees using g* deg(f,p) € GW(W). Since W is essentially Al-connected, equality
follows from Proposition 2.18. O

Often (and in our application to Wronski maps), we cannot even define a degree in GW(Y') due
to f being nonorientable, whereas f may have a natural D-orientation for some Cartier divisor
D C X. We therefore introduce a notion of A'-chamber relative to D. For this purpose, we will
assume Y is smooth and X is generically smooth. Let Ry C X be the ramification locus of f. Note
that Ry includes any singular locus of X (since Y is smooth).
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Definition 3.20. Let £ C Y be a divisor. An Al-chamber of Y relative to E is an A'-chamber
g: W =Y such that g*FE is the square of a divisor on W.

Now assume D has no irreducible components contained in Ry. An Al-chamber of f relative to
D is an Al-chamber of Y relative to f(D).

We emphasize that the A'-chambers of a map are defined relative to divisors on the domain, and
only relative to divisors with no components in common with the ramification locus Ry.

Theorem 3.21 (Fiber invariance of twisted degrees in chambers of a map). Let p be a D-orientation
of f. Assume D has no irreducible components contained in Ry, and let g : W — Y be an Al-
chamber of f relative to D. Let wy,wy € W (k) and let y1,y2 € Y (k) be their images. Assume the
y; are not in the locus Z := f(D N Ry). Then

deg®(f, p)(y1) = deg®(f, p)(y2) in GW(E).

Proof. By hypothesis, D N R; has codimension 2 in X. Since f is finite, Z has codimension 2
in Y. Since g is flat, g7 '(Z) has codimension 2 in W. Thus the entire setup, in particular the
assumption that W is essentially A'-connected, is preserved under restricting Y to the open set
Y \ Z. Performing this base change, we reduce to the case where D N Ry is empty.

We now consider the pullback diagram

Xy 2 x

J
f W\L lf
We claim that g% D is the square of a Cartier divisor. To see this, we first note that the singular
locus of Xy is

Ry xy Ry = fy' (Rg) N g (Ry).
Since D N Ry is empty, we see that g)_(1 (D) does not meet this locus, i.e. is contained in the smooth
locus of Xyy. Thus, it suffices to check that g% D is the square of a Weil divisor. For this: since g is

a chamber of f relative to f(D), ¢*(f(D)) = 2D for some divisor D on W. Pulling back to Xy, we
get

IS (F(D) = fivg" (F(D)) = 2fi D.
On the other hand, since D has no components contained in Ry, we may write
f*(f(D))=D+E
for some divisor £ C X with no components in common with D. Pulling back along gx yields
gxI*(f(D)) = gx D + gx E.
Combining, we see that every component of g% D has even multiplicity, as claimed, so
gxD =2H

for some Cartier divisor H on Xy (we are using that Xy is smooth, in particular locally factorial).
Let t be an equation for H and write g% s = ut? for some global invertible function u € H(Xyy, (’))X(W).
By Proposition 3.13,

* 2 * : —

g* deg®(f, p) = deg" (fw.gkp) in GW(W \ g~ (f(D))).

By Proposition 3.15, this extends to the class

deg"(fw, (9xp)(—2H)),

defined on all of W. Since W is essentially A'-connected, this class is independent of the choice of
k-rational point we pull it back to. The proof follows. O
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Remark 3.22. More generally, we see that deg®(f,p) € GW(W) comes from a unique class
B € GW(k). Thus if w € W is an L-point for some finite extension L/k, and y = g(w), we obtain
deg®(f, p)(y) = p*B. We note that GW(L) in general has less information than GW(k), so the
theorem is most useful when applied to k-points.

Remark 3.23 (Twisted analogue of Example 2.15). If X has H°(O%) = k* (e.g. X proper
and geometrically connected), then any two choices of equation s for D differ by a scalar, so
different choices of s affect deg®(f, p) only by multiplication by a global square class. If in addition
Pic(X)[2] = 0, then the choice of isomorphism p (given the choice of D) likewise only affects
deg®(f, p) by multiplication by a global square class. Thus, when this holds, the only essential choice
is the divisor D itself.

Thus, if f: X — Y is D-oriented and D has no components in the ramification locus of f, the
twisted degree deg®(f, p) is invariant along points in the same A'-chamber of f relative to D. We
will leverage this observation to define twisted degrees of the Wronski map for many natural choices
of chamber, in particular, enough chambers to cover all the k-points of Y.

We finish this section by giving a worked example based on the (simplified) structure of the
Wronski map. This example is a toy version of [LP21, Fig. 10].

Example 3.24 (A twisted degree with two chambers). Let X =Y = A! with coordinates = and y,
and let f: X — Y be the map x — y = 2% — 1. For simplicity we may take k = R.

The map is orientable since wy1 is trivial, and the orientation p is unique up to a global scalar
since Pic(X)[2] = 0 and H°(O%) = k* (cf. Example 2.15). Since Y is Al-connected, deg(f, p) can
be found by checking a single fiber; note that the Jacobian is just % = 2zx. Taking y = 0, the local
degrees at © = £1 are (2) and (—2), so deg(f, p) = (2,—2) = (1, —1), the hyperbolic form.

We now twist the orientation by exactly one of the two points above y = 0 (see Figure 1). We let
D = {z =1} C A! and consider p as a D-orientation (since all line bundles are trivial on A'); we
twist by the equation

s=x—1.
We note that s is not a square, and s is again unique up to global scalar. We also note that
Ry ={x=0},s0 DN Ry =02.

Now deg®(f, p) is defined on A\ f(D) = G,,, which is Al-disconnected, so a priori we might not
expect any fiber invariance. In fact, the fiber degrees deg”(f, p’)(y) for y € Y (k) take on only two
possible values, coming from two A'-chambers of f relative to D.

We first take g : Y/ = Al — Al by 2+ y = 22. Let

x5 AL
klz + 2z, (x+2) 712G, and f/l lf

Al

klz, z]
22=22-1

I

X' = Al x, Al =
—— AL

This is an A'-chamber of f relative to D since D lies over the ramification point of g. Thus ¢/*D
is a square. Indeed, z — 1 cuts out a single point on 2’ € X', of multiplicity 2. By Remark 3.16,
deg®(f, p) pulls back and extends to a twisted degree defined on all of Y’ (which is Al-connected!)
of the form deg"(f’, g"*p), where ¢g'*s = ut? for some t cutting out #’ with multiplicity 1 and u a
unit on X’.

We compute the twisted local degree using the fiber z = 0. A straightforward calculation shows
that the ideal of 2’ has generator z + z — 1, but since we are free to use different choices of equation
t for 2’ on different charts (cf. Remark 3.8), it is more convenient to take t = z near x =1 and t = 1
near z = —1. The defining equation y = (z — 1)(z + 1) yields 22 = (z — 1)(z + 1) on X, or simply
L

r—1= z-.
r+1
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Thus the local degree at = 1 is twisted by the local unit u = s/t =
at ¥ = —1 is twisted by u = s/t> = x — 1 = —2. We find

which is not the hyperbolic form. Indeed, over R, this forces the fiber over every R-point of the
chamber to consist always of two real points (see Figure 1(a)).
In contrast, on the chamber h given by z — y = —22, we get
-1
Trt1

—7 = 3, and the local degree

h'*s

=—1 At 2= —1 the twist

In this case, the twisted local degree at x = 1 is now multiplied by 3

is unchanged, using u = s = x — 1 again. We see that

deg?"*(f,g"p")(0) = (~1,1),

agreeing with the untwisted degree (but with the two points contributing opposite values). In this
chamber there are fibers containing two real points of opposite signs (for —1 < y < 0) and complex
fibers (when y < —1). See Figure 1(b).

These two chambers account for every real fiber of f, since y € Y(R) comes from the first chamber
if y > 0 and from the second chamber if y < 0. By fiber invariance within A!-chambers, every real
fiber of f has one of the two given twisted degrees. This calculation is summarized in the table
below.

=1
x+1

local degree at x = 1 | local degree at x = —1
untwisted, on X = Al (2) (—2)
s-twisted, y = 22 (1) (1)
s-twisted, y = —2z? (—1) (1)
Over an arbitrary field, an analogous calculation on the chamber z — y = Az? yields the degree

(A1),

Topologically, we can understand the degree change as coming from simply twisting the orientation
of the source curve by the function s = x — 1. The two chambers correspond to the positive and
negative parts of the real line in y, and we see that the Brouwer degree is 0 in the negative chamber
and 2 in the positive chamber. The real picture is depicted in Figure 1.

4. OSCULATING SCHUBERT CALCULUS

We recap the basic definitions of Schubert varieties and osculating Schubert calculus, and we
formally define the Wronski map. We construct the domino varieties as in [LP21], and the main
result in this section is a proof that the Wronski map is Zg-oriented (Lemma 4.16).

4.1. Schubert varieties and Grassmannians. Fix a vector space W over k and an integer
d < dimW = d 4+ m. We denote by Gri(d, W) the Grassmannian of d-dimensional subspaces of W,
or Grg(d,d +m) if W is understood. Let Fg = Fy C F} C F5 C --- C Fyy,, be a complete flag in
W, with dim F; = 1.

Let A = (A1 > -+ > \y) be a Young diagram contained in a d x m rectangle, where \; is the
length of the i-th row. We write |\| = Z?Zl A; for the size of A and \* = (m — A\g,...,m — A1) for
the complement of .

The Schubert cell of type A with respect to F, is denoted X{F, and consists of those
V € Grg(d,d + m) such that, for j =1,...,d +m,

1 j=m+1i— \; for some ¢

dim(V N Fj) — dim(V N Fj_1) = {0 |
else.
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W O i
(+1) $ : -1
/4/45—8;\ 0 < (
Vr v % %

(a) Chamber y = 22 (b) Chamber y = —2z2 (c¢) Twisted (d) Untwisted

orientation orientation

FIGURE 1. The toy Example 3.24. Figures (d) and (c): The original orientation
and its twist by x — 1, which reverses the orientation for the points z < 1 (drawn in
thick) and requires us to delete x = 1 (doubled circle) and the fiber containing it
(dashed line). The curve divides into two chambers, shown in red and blue. Figures
(a) and (b): The pullbacks of (c) along y = 22 and y = —22, showing doubled copies
of the right and left halves of (c). The map is oriented over each chamber, and its
orientation even extends back over the deleted fiber. The local degrees at x = +1
are shown.

Its closure is the Schubert variety of type A with respect to F, and is denoted X, F,; it is a
subvariety of codimension |\|. The following cases will be of particular importance:

(1) A=0: We have V € XpF, if and only if V N F,, # 0;

(2) A=H: We have V € XgF, if and only if dim(V N F,41) > 2;

(3) A=r0: We have V € XoF, if and only if V N F,,_1 # 0;

(4) A=0°: We have V € XgeF, if and only if Fy_1 CV C Fyiq.
We write [X,] for the cycle class of X F,, which is independent of the choice of F,. We recall that
Pic(Gr(d,d +m)) = Z, generated by the class of the Schubert divisor [Xg].

4.2. The Wronski map.

Notation 4.1. For a field k, we denote by k,[z] the (r + 1)-dimensional vector space of univariate
polynomials of degree at most r. We denote by Z.(k) the affine space of univariate monic
polynomials of degree r over k. As an algebraic variety, &2, (k) = AJ.

Definition 4.2. Let k be a field, and let d,m > 1 be arbitrary integers. Then we define the classical
Wronski polynomial of d univariate polynomials fi,..., fq € kgim—1[z] to be the polynomial given
by the determinant

Wr(fla"-vfd)(z>:det : : .
A0 A7) )

When fy,..., fy are linearly independent, we can think about them as determining a point in

Gri(d,d + m), and the Wronski polynomial as living in Pg,,[2z]. Thus in characteristic zero, we
obtain a Wronski map which is a morphism of schemes

Wr: Gry(d, d + m) — P,
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In positive characteristic, however, by successively taking derivatives we run the risk of coefficients
vanishing. It is more desirable in this setting to replace the derivative by the Hasse-Schmidt
derivative [Has37] which is an alternative construction, defined as the k-linear extension of the map

D': k2] = ki[2]
th <‘Z>tﬂ'—i.

Definition 4.3 ([Lak84, Equation (6)]). Let k be a field and d,m > 0 integers. We define the
(Hasse) Wronski polynomial to be

Wr(flv R fd)(t) = det (Di_lfj)lgi,jgd ’

Thus if char(k) > d, this is just the previous definition divided by m We have the

If char(k) > i or is zero, then D! = %(%)Z

following;:

Proposition 4.4 ([Lak84, Theorem 15(i)]). Let d,m > 0 and let k be a field of characteristic zero
or p > d+ m. Then the (Hasse) Wronski map gives a well-defined morphism of k-varieties

Wr: Gry(d, d +m) — P¢™,
Proof. Let N C Grg(d,d + m) be the locus where the Wronski of the input polynomials vanishes:
N ={V € Gri(d,d+m) | Wr(V) = 0}.

We show that N is empty. We can identify kgim—1[t] = H°(Pt, O(d + m — 1)), at which point it is
clear after homogenizing that GLy acts on binary forms via Sym® =1, From this perspective, we
see that Grg(d,d + m) inherits a PGLg-action, and N is preserved by this action.

Thus, if N is nonempty, by the Borel fixed point theorem it admits a Borel fixed point, i.e. one
that is fixed by the torus action ¢ — (1 + €)t and the translation ¢ — ¢ + € (where we may take
€2 = 0). On monomials, these actions send ' +— (1 +ie€)t’ and t* > ' +iet'~L. Our characteristic
assumptions now imply that if V' is fixed by the torus, then V is spanned by monomials, and if V' is
moreover fixed by translation, then t* € V implies t*~! € V for any k. Thus V = span{t¢~!,... 1}
is the unique fixed point. But its Wronski matrix is then upper-triangular with determinant 1 # 0.
Hence N is empty. O

In cases where the classical Wronski map is well-defined, it agrees with the Hasse Wronski map,
hence we refer to this as the Wronski map without loss of generality. We make the standing
assumption throughout that our base field k is characteristic zero or characteristic > d + m.

Proposition 4.5. Let k be a field of characteristic 0 or > d + m. Then the Wronski map is flat,
finite and lci, and of degree #SYT(d x m), where SYT(d x m) is the number of standard Young
tableaux of rectangular shape d x m.

Proof. Since Wr is proper and Wr*O(1) = [Xg] is ample, we can conclude that Wr is finite. It is
Ici by [Stacks, 0E9K], and it is flat by miracle flatness [Stacks, 00R4]. The degree is therefore the
self-intersection of the class [Xg|, which is well-known to be #SYT(d x m). O

Following [Lak84], we make the following definition:

Definition 4.6. Let k be a field of characteristic zero or characteristic > d + m. For any tg € Al
we define the osculating flag

Osc;(to) = {f € karm—1[t] | (D7 f)(tg) =0 for all j < d +m —i}.
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Under our characteristic assumptions, this is, equivalently, the subspace of polynomials divisible by
(t —to)4T™~%, For tg = co € P!, we define

Osc;(00) = ki—1[t].

Ast € P! varies, this definition makes Osc, a flag of subbundles of the trivial vector bundle
kqrm—1[t] ® Op1 = OI%HT”, in particular Osc;(tp) is the image of the map

. _(t_to)d+m—i
kici[t] @ Opi(—(d+m —i)) ———— kqgrm—1[t] @ Op1.

We note therefore that
(4.1) Osc; = Opr (—(d +m — )%

Osculating Schubert calculus is in general interested in solutions to Schubert problems defined
with respect to osculating flags.

4.3. The discriminant, domino varieties, and the branch locus. Generically, a point in the
target space of the Wronski map gives a Wronski polynomial with no repeated roots. We describe
the closed locus of P™ of points that do not have this property:

Notation 4.7. Let A, C P” denote the discriminant locus, defined as those univariate polynomials
of degree n that have a repeated root. We note that A, is a hypersurface of degree 2n — 2.

Fixing to € P!, we can likewise consider the subspace of polynomials with a root at ¢y of some
given order. The preimage of this locus, as a cycle, admits the following combinatorial description
in terms of Schubert varieties with respect to the osculating flag at ¢g.

Proposition 4.8. Let k be of characteristic zero or > d +m. Let V € Gry(d,d +m) and ty € P
Then Wr(V') has a root of order k at tg if and only if V' € X Osce(to) for some X of size k.
Moreover, letting W’ (ty) C P be the subspace of polynomials divisible by (t — t9)*, we have
the equality of cycles
W' (W' (t0))] = ) ISYT(N)] - [X\Osca(to)]-
I\ =k

Proof. This was stated over the complex numbers in [Purl0, Theorem 2.5 and Corollary 2.6], and is
essentially the content of [Lak84, Theorem 15]. We provide a self-contained proof here.

Let V' € Gry(d,d 4+ m) and suppose V' € X3O0sce(tg). Let aj = j — 1+ Ag41—;. (The sequence
a; < --- < aq is the vanishing sequence of V at ty). Then V has a basis {f1,..., fq} of the form

d+m—1
fj = Z bjk(t — to)k, with bj@j =1,
k:aj

= (t — to)™ + (higher terms).

We show that the order of vanishing of Wr(V) at to is |A|. The matrix (D'~ f;) factors as B - M,
where B = (bj),) is d x (d+m) and M = (D""1(t — t9)*) is (d + m) x d. Via the Cauchy-Binet
formula we can expand its determinant as
s k - er/
W)= Y deBr)(t -t S () LB Z )
K={ki<-<kq} Hi:O v
Since 1 < k; < d+ m — 1, we have that k; — k;y never vanishes in characteristic p. The order of

vanishing is then governed by when Zle k; is minimized, subject to the constraint that det(Bg) # 0.
This occurs at (k1,...,kq) = (a1,...,aq), with det(Bg) = 1 by upper-triangularity.
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Therefore set-theoretically we have equality
Wr (W' (tg)) = | XxOsca(to).
A=k

Define H(t;) C kpalt] to be the subspace of polynomials divisible by ¢ —¢;. Then W’(t() is rationally
equivalent to W” = H(t;) N --- N H(tg), where ty,...,t; are distinct. By flatness, we have the
equality of cycle classes

[We (W' (t))] = [We™H(W")] = [[Wr ! (H (8:))] = WO = Y ISYT(A)|[Xa]-
A=k

Since the Schubert classes form a basis for the Chow group, we conclude that the multiplicity of
X, 0sce(tp) in the fundamental cycle of Wr=1 (W' (¢g)) is [SYT(\)|. O

The preimage of the entire Wronski map can also be described, using what are called domino
varieties, following [LP21, §3.2].

Definition 4.9. Given a Young diagram A C d X m, we define Z) to be the union of the Schubert
varieties of type A over all times t € P!

Zy = U X2Osce(t) C Gr(d,d+m).
teP}
This is an irreducible closed subvariety of codimension |A| — 1.

Terminology 4.10. For A =Hor A = 1], we call the associated varieties Zg and Zm the domino
varieties. These are important as they describe the preimage of the discriminant under the Wronski
map.

Proposition 4.11. The scheme-theoretic preimage of Ay, is the reduced union
W (Agm) = Zg U Zm,
and both Zg and Zm map surjectively onto Agp, by the Wronski map.

Proof. Let V € Gry(d,d + m). By Proposition 4.8, Wr(V) has a double root at ¢ € P! if and only
if V€ X\Osce(t) for some A with |A| = 2. This gives the statement above as an equality of sets.
Letting ¢ be arbitrary and restricting further to the space W’(t) of polynomials divisible by (z — t)?,
we see that [Wr™1(W’(t))] is the cycle [XgOsce(t)] + [XmOsce(t)] and is generically reduced. It
follows that Wr™!(Ag,) is generically reduced, hence reduced (since a Cartier divisor on a smooth
variety is Cohen-Macaulay). Thus equality holds scheme-theoretically. O

We will prove that the Wronski map is Zg-oriented. In order to show this, we first need to know
the divisor class of Zg:

Proposition 4.12. The class of Zg C Gri(d,d +m) is (d — 1)(m + 1) - [Xg].
This statement will follow by taking A = H in the following more general calculation:
Proposition 4.13. Let X\ C Gr(d,d + m) x P! be the incidence correspondence
Xy ={(V,t) : V € X,Osce(t)},

i.e. the universal osculating flag Schubert variety of type A. Then

(4.2) [A] = 7 [Xa] + Y (d =i+ A)(m +i = N) - mf [Xo] - w3 [pt],
NCA
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where the sum runs over all A’ C X obtained by deleting an outer corner box of A, and i = i(\, \)
denotes the row of the deleted box. If we furthermore assume that |A\| > 2, and that the characteristic
of k is 0 or at least d + m, then we obtain
(4.3) 2] =D (d—i+X)(m+i—\)[Xy]
MNCA
by pushing down to Grg(d,d + m).
Proof. Let
08— kgrm1]2] ® Ocr = Q =0
denote the short exact sequence of tautological bundles on Gr = Gr(d,d+m). On Gr(d, d+m) x P!,
we view kgim—1[2] ® Oqrxpt as having a complete flag of subbundles given by the osculating flags,
m50sc1 C -+ C m508Ca1m = katm—1[2] @ Ogrxpr -
We consider the pullback of ¢ along 7y, restricted to each of these subbundles. The rank of
Ty OSCmti—n; — T Q

at a point (V,t) is m+1i— A; —dim(V N Oscpy4i—y, ), so X is the degeneracy locus where, for each i,
this rank is at most m — \;. Since X\ has the expected codimension ||, we may compute its class
[X)] using the Kempf-Laksov formula. Specifically, it is given by the determinant of a d x d matrix
in the Chern classes of the virtual bundles 77Q — 750scy,4i—»,, namely

(44) [X)\] = det (C)\i_i_._j(ﬂ'ikQ - W;OSCm_H‘_)\i)) 1<ij<d’
To calculate this, we note that

co(m1Q) = 1+ m[Xa + 77 [Xew] + 7 [Xewm] + - -+

=1+0+m+0g+---, writing A for 7] [X,],
C(T308em1i-,) = T3e(Opn (—(d — i + A)JPH%) by Bauation (4.1),

= (1= (d —i+)m[pt]) "N

=1—(d—i+ N)(m+1i—\)m;[pt], since [pt]? = 0 on P!,

=1- a;€,

writing € = 75[pt]. We may then compute the virtual classes, using €2 = 0 again:
(71 Q)

(7305Cmtin,)

I+o0+m+0Om0+---

c(m7Q — m508Cm4i—,;) = -

1 — a;e

=(1+o04+m+oo+ - ) (1 + ae)

=1+ (0+ ae) + (MO+ a;0¢) + (D + a; ) + -+,
and we see that the entries of the Kempf-Laksov matrix (4.4) are
(4.5) s —itj (M1 Q — m508C 44—y, ) = LI + a; (LTI e€

Ai—i+j Aj—itj—1
or zero if A\; —i+j < 0.
Expanding out the determinant (4.4), the term with no € factors is just the usual Jacobi-Trudi

determinant for the class \. Since €2 = 0, the only higher term is the one with a single factor of

€. By multilinearity, the € term is the sum of d determinants, where the i-th one is obtained by
always taking the € term in the i-th row and the terms without € in each other row. If \; = A\;11,
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the resulting matrix has a repeated row in rows ¢ and i 4 1, so its determinant is 0. If A; > A\;11, it
is instead the usual Jacobi-Trudi matrix (times the constant a;) for the partition A’ C A\ obtained
by decrementing A;. This gives the desired formula.

Finally, to obtain Equation (4.3), we apply (7). to Equation (4.2), and we obtain

(4.6) deg(Xn/Z\)[Xn] = D (d =i+ ) (m+1i = X)[Xn],

ANCA
where the right hand side follows by the projection formula. Thus the proposition reduces to arguing
that Xy — Z) has degree one.

We can write a generic point V € Zy as (z — t)*u(z) where u(2) is a squarefree polynomial and
is nonvanishing at ¢. Since |A\| > 2, we have that t is the unique value in P! for which V € X, (#).
This tells us that the map Xy — Z) is generically injective on k-points (since both X and Z) are
geometrically irreducible, we can compute the degree after base change to the algebraic closure).
Therefore since the size of the geometric fiber is one, this is equal to the separable degree, allowing
us to conclude that k(Z)) C k(X)) is purely inseparable, of some degree deg(X)/Zy) =p".

By Equation (4.6), we conclude that p" divides (d — i+ \;)(m + i — \;) for each X C \. Since
1<\ <mand1 <1 <d, the largest that either factor can be is d4+m —1. Thus by our assumptions
on p, we must have that r = 0. g

Example 4.14. Let A = (3,3,1) = EEH and write e = m3[pt]. Let a; = (d — i+ X\;)(m + i — ;) be
as above. The Kempf-Laksov matrix is

OO+ a1e- [0 OO0+ a1€- 00 OO+ ar€e - O
MO+ age -0 O+ age -1 [T+ age-[I11]

04 aze-0 1+aze-0 O+aze-1
OO OO g a1 -0 ap-0O00 a1 OO0

= | OO OOo| +elay-[ ag- IO ao -] =A+eB
0 1 O 0 0 asz -1

The left matrix has det(A) = X by the Jacobi-Trudi formula and gives the term with no €, while the
€ terms are obtained by swapping one row of B into A each of the three possible ways, giving

o O OIT O OO OITm O O O1TmM
ardet |0 OO OIO| +agdet | O [N OO0 | +asdet |0 OO OO
0 1 O 0 1 d 0 0 1

The first matrix has a repeated row, so its determinant is 0. The second and third matrices give,
respectively, \' = 'and \ = HH Thus

[X@] = EEB + a2€EBj + aseHH and [Z@H] = as EEP + asHH-
Example 4.15. The hook and box varieties in Gr(d,d 4+ m) have classes

Zeg) = (d + 1)(m — 1)[Xg] + (d — 1)(m + 1)[Xeg]
Zeg) = dm[Xgp).

Finally, we discuss orientations of the Wronski map. The key lemma of this section is:
Lemma 4.16. The Wronski map is not in general oriented, but is Zg-oriented.

Proof. Since Wr is a central projection out of Plicker space, it pulls back Opam (1) to Og,(1). Since

[a~d

wWpdm = Opam (—dm — 1) and wgy = Ogr(—d — m), we have

wwr = WI* @i @ war = Ocr(dm + 1) @ Ogr(—d — m) = Ogy((d — 1)(m — 1)).
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In particular, ww; is a square if and only if d or m is odd. On the other hand, by Proposition 4.12,
wwr ® O(Zg) =2 O(2(d — 1)m),
so the Wronski map always admits a Zg-orientation class. U

As a last result we will need from this section, we check that Zg is not contained in the ramification
locus of the Wronski map. This will allow us to set up chambers for the Wronski map relative to Zg
as in Definition 3.20.

Proposition 4.17. Let R C Gr(d,d + m) be the ramification locus of Wr. Then Zg Z R.

Proof. By Proposition 4.11, erl(Adm) = ZgU Zm, with the reduced structure. In particular, Wr
is not ramified at a general point of Zg (nor for that matter at a general point of Zm). O

5. TWISTED DEGREES OF WRONSKI MAPS

We now prove our main results regarding the enriched degrees of the Wronski map. We know
that the Wronski map always admits a Zg-orientation class pg by Lemma 4.16, hence if sg € O(Zg)
is an equation for it, we obtain a well-defined twisted degree deg™®(f, pg) € GW(PY™\ A) as in
Definition 3.11. The complement of the discriminant locus in projective space is A'-disconnected in
general, so we can obtain many different degrees by pulling back to various points. This motivates
us to try to find reasonable A'-chambers of the Wronski map relative to Zpg, which will yield
fiber-invariant twisted degrees. Our idea will be to take the “root space” of Wronski polynomials,
and give it a twisted rational structure corresponding to the Galois orbits of roots. The orbits
constructed in this way cover the complement of the discriminant locus, and our construction works
over all fields of characteristic 0 or > d + m. Thus we obtain well-defined twisted degrees of the
Wronski map, which depend only on the Galois type of the roots of the Wronskian. Over R, these
twists generalize the character orientations used in [LP21], and the corresponding untwisted degrees
as in Remark 3.16 are those computed in [EG02]. We end this section by computing the twisted
degrees of the Wronskian on Gr(2,4) explicitly, over all fields of characteristic 0 or > 5, showing
that it depends precisely on the square class of the discriminant.

With all this in mind, we fix some notation for this section:

Notation 5.1. Fix sz € O(Zg) an equation for the domino variety Zg on the Grassmannian and pg
a Zg-orientation for the Wronski map:

pa: O(1 — d)** = wwe ® O(—Zp).

When d or m is odd, O(—Zpg) is a square, so we can use pg to obtain a relative orientation for the
Wronski map as in Remark 3.16 and thereby obtain a well-defined untwisted degree. When d or m
is odd, we call the resulting orientation of the Wronski map p.

First, we construct some suitable Al-chambers for the Wronski map.

5.1. Chambers from twisted root spaces. Recall that there is a natural map
Sym: (P1)4m — pim

given in affine coordinates by sending a tuple (1, ...,t4n,) to the polynomial Hflinl (t —t;). We will
refer to (P')%™ as the root space, being the space of (ordered) roots of Wronski polynomials. We
will argue that this yields an A'-chamber of the Wronski map relative to Zg. We note, however,
that the k-rational points of the chamber correspond to Wronski polynomials with all roots defined
over the base field. We will want to capture degrees over Wronski polynomials whose roots are not
all k-rational, and we will accomplish this by twisting the rational structure on the root space.
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Notation 5.2. For the remainder of this subsection, fix k£ to be a field, let k° be a fixed separable
closure, and take G5 := Gal(k®/k) to be its absolute Galois group. For ease of notation, write
n = dm to be the dimension of the root space.

Recall that for any variety X defined over a field k, a twist of X is another k-variety X’ so that
X and X’ become isomorphic after base change to the field closure k. The possible twists of X
are classified by the Galois cohomology group H'(Gal(k/k), Aut(X7)). We are interested in the
particular case where X = (Pi)", and where the automorphisms of X7 are taken to be permutations
of the various projective lines in the cartesian product.

Terminology 5.3. Let X, < Aut((]P%)”) be the subgroup of permutations of the copies of the

projective line. For the purposes of this paper, we refer to a twisted rational structure on (IP’}C)” as
any twist of (P})" determined by a class in H'(Gal(k/k), $,,).

More explicitly, we have the following:

Definition 5.4 (Twisted root space). Let o: G5 — ¥, be any continuous group homomorphism
from the absolute Galois group of k to the symmetric group on n elements. We define a twisted
action of G on (PL)™ by

Gs x (Prs)" — (Phs)™
(9, (t1s - t0)) = 0(9)(gt1s- - ., gtn).

We define (P})? to be the G-fixed locus of this action, which we call a twisted root space.

Concretely, G4 acts by its Galois action and by permuting the roots according to o. A k-rational
point of the twisted root space (a fixed point of the action) is therefore an n-tuple of roots that
form Galois orbits according to o.

Remark 5.5. Such a o gives a well-defined finite étale k-algebra A/k, and (P})" can be alternatively
described as the Weil restriction Res 4/, P} (c.f. [KLSW26a, §2.6]).

Example 5.6. If o is the trivial homomorphism, then (P})? = (P;)" as k-varieties.

Example 5.7. When n = 2 and k£ = R, there is only a single nontrivial case to consider, namely
where o : Gal(C/R) — Sy takes complex conjugation to the transposition swapping 1 and 2. A
tuple (z1, z2) is fixed by this if and only if

(217 22) = (727 71)

Thus the real points of (P%)2 are the tuples of the form (z,%), where z is any complex number. In
particular, its real locus is homeomorphic to a sphere CP' 2 S2, rather than a torus RP' x RP!.

Example 5.8. Over a finite field F,, the absolute Galois group is the profinite integers. Any
morphism of the form

0: 2= Gal(F,/F,) = %,

is determined by a single permutation, since ¢ necessarily factors through a finite cyclic group.
Moreover, if o1 and o9 are two maps 7 — Yn which send the profinite generator to two elements in
the same conjugacy class of £, then it is clear that (P')? and (P')?, are isomorphic as F)-varieties.
The point of this observation is that we can encode the different possible twisted rational structures
on (Pﬁ,p)” concisely in terms of cycle decompositions of permutations, i.e., partitions of n. For

instance if n = 4, we obtain 5 different twisted rational structures, given by

(Pr,)* = (P, )1a: (Pr,)212, (Ph,)22, (Pr,)s1 (P,
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Example 5.9. Similarly to the pro-cyclic case over F,, over the reals, every twisted rational
structure on (P5)™ is, up to reordering, of the form (PL)To. where r + 2s = n. That is, the action
of the absolute Galois group occurs by complex conjugation, followed by s disjoint transpositions.
Its real locus is (RP!)" x (CP1)s.

Example 5.10 (The coordinate ring of (A})?). We briefly describe the coordinate ring of the
affine part of the twisted root space (Ai)” i.e. the open set where t; # oo for all 7. It is Spec of

o

the invariant subring k%[t1,...,t,]%*, where G, acts by the Galois action on coefficients and by
permuting t1,...,t, via 0.
If the action of Gy on {1,...,n} by o is not transitive, (A})? decomposes as a product of

k-varieties; thus we may reduce to the case where o is transitive. Let H < G be the stabilizer of
1 €{1,...,n}. Let L be the fixed field of H; by Galois theory, [L : k] = n.

Let o € L and let O(«) be its Gs-orbit. There is a unique Gs-equivariant function ¢ : {1,...,n} —
O(«) taking 1 — «. (Namely, c¢(i) = g - o where g € G, is any element for which o(g) takes 1 to i.)

Then the linear form .

fo=> cli)t; € Llt1, ... tn]
is invariant for the action of G4 by o, sirf:el
9 fa= Zg ~(e(i)ti) = ZC(U(Q) “)tg(g)i = fa-
Letting aq, ..., ay be a basis for ZZlovelr k, we ha\jezzl

Kty o tn) O = K fars oy fan) O = K[ fars -+ foun)-
As an example, let n = 2 and k& = R, with the nontrivial twisted structure of Example 5.7. Then
R[(AR)Z] = R[t1 + to,i(t1 — t2)].

If the roots represent a complex conjugate pair t; = x + iy, we see that the generators correspond
to x and y up to scalar.

If X is a k-variety, and X’ is a twist of X, then A'-connectivity of X need not imply Al-
connectivity of X’. A simple example to consider is P} — the twists of this are Severi-Brauer varieties
which admit a k-rational point if and only if they split. The non-split ones have no k-rational points,
hence are not Al-connected, despite the fact that Py is Al-connected.

The twists we use in this paper are mild enough where they do not destroy connectivity. The
more general statement is the following, which is a mild extension of [KLSW26a, 2.43]:

Proposition 5.11. Let k be a field, and let A/k be a finite étale k-algebra of degree n. Then
Resy /kIP)}4 is Al-chain connected.

Proof. Since A is a product of finite separable field extensions L;/k,
ResA/kIP’i, = H ResLi/kIP)lLl_.
i

Each of the Resy, /klP’lLi is Al-chain connected by [KLSW26a, 2.43], and the product is A'-connected
by [KLSW26a, 2.44]. O

The same proof works to show that if Z is smooth and proper over A and A'-chain connected
after base change to any factor field of A then Resy/,Z is Al-chain connected as well.

Lemma 5.12. Let k be any field, and o: Gal(k®/k) — %, any continuous group homomorphism.
Then the nth symmetric power operation over the absolute closure

Sym: (Pr)" — P,
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descends to give a well-defined, flat morphism of k-varieties (that is, an A'-chamber)
Sym,, : (P}C)g — Py.

Proof. By Galois descent, it suffices to see that Sym is Gal(k®/k)-equivariant with respect to the
twisted action on the left and the ordinary Galois action on the right. Indeed this is immediate by
Y n-equivariance of symmetric products, so this descends to a map from the Weil restriction. Since
Spec(k®) — Spec(k) is faithfully flat, and flatness satisfies fpqc descent, the resulting map Sym,, is
flat as well. O

We now show that the maps Sym,, define chambers with respect to Zg.

Lemma 5.13. In the notation of Lemma 5.12, Sym, is an A'-chamber of the Wronski map relative
to ZB

Proof. The map is well-defined and flat by Lemma 5.12 and (P,lg)g is Al-connected by Proposition 5.11.
The locus Zg is irreducible and is not contained in the ramification locus of the Wronski map by
Proposition 4.17.

Since f(Zg) = A, is the discriminant locus, it remains to show that the equation for the
discriminant A,, pulls back to a global unit times a square. In fact it will pull back to a scalar times
a square. For simplicity, we work in the affine chart (A!)”. Over k*, we may write the pullback of
the usual equation fa, for the discriminant as

Symj fa, = [J(ti = )%,
1<J
where the t; are the roots of the Wronskian. We define
VA, = H(tl — tj).
1<j
We are interested to see if this is actually defined on (A!)? — that is, whether it is fixed under the
action of the Galois group from Definition 5.4.

Since the coefficients of /A, are integers, they are fixed by the Galois action. An element
g € Gal(k®/k) only acts on y/A,, by permuting its factors and introducing a sign

9 VA= (=179 VA,

where (—1)709) is the sign of the permutation o(g) € 3,. If o: Gal(k*/k) — ¥, lands inside the

alternating group, this sign is always positive, and we can conclude that v/A,, is o-invariant, hence

well-defined on (P!)?, and we conclude that Sym? fa, = v/ A

If 0 does not land in the alternating group, we obtain a surjection
Gal(k®/k) & %, — {£1}.

This factors through a quotient Gal(F'/k), where F'/k is quadratic. Since char(k) # 2, there exists
o € F such that g-a = (—1)?@aq holds for all g € Gal(k®/k), e.g. by writing F = k(y/c) for some
nonsquare ¢ € k and putting a = y/c. Then we see that

g-(a VA = (=1)Wa. (=1)7@ /A, = a/A,,
so av/A,, is o-invariant and we conclude that
Sym, fa, = %(a\/An)2. O

Example 5.14. Consider the case of (Pg)2 with the nontrivial twisted real structure of Example 5.7.
Let t1,t3 denote the roots of a quadratic polynomial (z — t1)(z — t3), with discriminant (t; — t2)2.
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By Example 5.10, the coordinate ring is generated by t; + to and i(t; — t2), so we can write the
pullback of the discriminant as

(t1 = t2)* = (1) - (it — t2))°,
so it is a unit times the square of i(t; — t2).

5.2. Twisted degrees of the Wronski map. We can now prove our main theorem, recalling the
notation we’ve fixed in Notation 5.1.

Theorem 5.15. Let m,d > 0, let k be a field of characteristic 0 or > m+d, and let o: Gal(k®/k) —
Yam be a continuous homomorphism. Then for any two k-points wy,ws € ]P’im in the complement
of the discriminant, whose roots have Galois type o, the associated twisted degrees of the Wronski
computed over their fiber are equal:

deg®8(Wr, pg)(w1) = deg®8(Wr, pg)(w2) in GW (k).

That is, for each o there is a well-defined o-twisted degree of the Wronski map deg”(Wr) € GW (k).
Over the reals, the sign of deg”(Wr) is the degree of the Wronski map computed relative to the
character orientation in [LP21]. We additionally have an untwisted degree of the Wronski map
computable on any chamber whose sign over the reals is equal to that computed in [EG02].

Proof. By Lemma 5.13, Sym,, is an A'-chamber of the Wronski map relative to Zpg in the sense of
Definition 3.20. Thus this result follows from fiber-invariance of twisted degrees over a chamber
Theorem 3.21.

Comparison with [LP21] follows immediately from the definition of the character degree in
their paper. Comparison with [EG02] comes from passing to an affine open and carrying out the
computation there, using the fact that orientations on affine space are well-defined up to a scalar
from the base field. g

Remark 5.16. Note that we haven’t explicitly chosen pg of sg in Notation 5.1. However, since
the Grassmannian is proper and geometrically connected and has Pic[2] = 0, any two choices of pg
and/or of sg differ by a global scalar, which will affect our degree computations only by multiplication
by a global square class (see Remark 3.23). In [EG02], this is witnessed by the fact that all of their
degrees have a sign ambiguity . In [LP21] this choice is absorbed into the character orientation, as
two choices of sg likewise differ by a global scalar. Thus all the degrees we compute in the following
section should be understood as being defined up to multiplication by some square class from k*.

Remark 5.17. Since our Al-chambers are all Galois twists of (P})", our construction can be
thought of as a morphism f : X — Y of k*-varieties with many possible k-rational structures, all
oriented over k with a common orientation p, but where deg(f) varies with the choice of twisted
rational structure.

6. EXAMPLES

Here we explore a few examples of Wronski maps and compute their degrees (where the parity
works out) as well as their twisted degrees corresponding to various choices of Galois twists.

6.1. The Grassmannian Gr(2,4). We prove the following formula:

Proposition 6.1. Let k be a field of characteristic # 2,3, and let A4 C P* denote the discriminant
locus, cut out by the standard formula fa,. Then

deg®8(Wr, pg) = (3, fas)
on GW(P*\ A).
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Proof. Since P* is smooth and GW is unramified, it suffices to work on an open affine where we have
deleted the discriminant locus. We can therefore work on the affine Schubert cell Xy C Gr(2,4)
defined by the affine coordinates (a1, ai2,asi, asz), where

. 1 0 ajl ai2
Xz_{<0 1 a1 axn) |’
Rescaling the Wronski polynomial of a point in Xz to be monic, we obtain that the Wronski
polynomial is
Wr = t* 4 2a9, % + (3ag — 011)752 — 2a12t + ar1a22 — ai2a921.
The Jacobian of the Wronski map is then Jac(Wr) = 4a1; + 12a92, and the domino variety is cut
out by the equation

2 2 2 2 3 3
s§ = a71a22 — 11412021 + 011651022 — 2011059 + ATy — A12G5] + 3A12021022 + G59.

Over a general point t* + at® + bt? + ct + d in A* C P4, we can see by direct computation that the
local twisted degrees at the fibers are given by

(2/276* — 4/9ab’c + 2/3a>c* 4 16/9b%d — 16/3acd + 32/3d?
+(—2/27b% 4 1/3abc — a’d — ¢ + 8/3bd) /b2 — 3ac + 12d).

If b2 — 3ac + 12d is not a square in k, we can trace down one of the degrees above from its field of
definition to compute the global degree [BBM™*21]. In particular, even if b*> — 3ac + 12d is a square,
we will obtain the same answer regardless by the relations in GW(k).* Thus we can assume without
loss of generality it is a nonsquare, and take the field trace to obtain

(4/27(b% — 3ac + 12d)?) + (4/27* fa, - (b* — 3ac + 12d)*)
= <3a fA4>' O

6.2. The Grassmannian Gr(2,4) over finite fields. When d = m = 2 and working over a finite
field IF,, we have five different chambers to consider, coming from the five possible Galois twists
o: Gal(F,/F,) — X4. As the absolute Galois group of a finite field is pro-cyclic, the data of a Galois
twist is the same data as a partition of the number 4. While we know, in each chamber, what answer
we expect to get by Proposition 6.1, we still find it instructive to work through specific examples.

Notation 6.2. Denote by deg” Wr € GW (k) the o-twisted degree of the Wronski map over
Gr(d,d +m).

We then have the following:

Example 6.3. Let F; be a finite field of characteristic # 2,3. Let d = m = 2, and take u € IF; be
any nonsquare element. Then the twisted degrees of the Wronski map are as follows:

ol 14 2l 22 3l 4l
deg? (Wr) | (1,3) (1,3u) (1,3) (1,3) (1,3u)

Via Theorem 5.15, twisted degrees depend only upon the field of definition of the roots of the
Wronski polynomial, so for each o it suffices to find a convenient degree four polynomial over which
to carry out the computation. The subtlety comes from finding a polynomial which works for all
finite fields.

“In general along a quadratic field extension, Try(ve)/x (@ + by/C) = (2a,2ac(a® — bc)). If ¢ has square roots £7 in
k, then the analogous class (a 4 br, a — br) is again equal to (2a,2ac(a® — b*c)) using the basic relations for generators

on GW(k).



28 THOMAS BRAZELTON AND JAKE LEVINSON

Pick any point ¢ # —1,0, 1 in Fy, and consider the Wronski polynomial (¢t+1)t(t—1)(t—c).
The fibers of the Wronski map over this quadratic polynomial can be computed as

1 0 1—v1+43c? _c
I = p) p)
0 1 _c —14++v1+43¢?
2 6
1 0 1—v1—3c2 _c
I = 2 2
0 1 _c —1—-v1+43c2 | °
2 6

Whether these solutions are k-rational or not depends upon whether 1 4 3¢? is a square class in our
base field k, so without loss of generality let’s assume that 1 4 3¢? is a non-square. In that case, we
transfer the twisted local degree down from the quadratic field extension, and compute that the
global twisted degree is

TrFq(\/W)/Fq <2 (904 + <6+9\/m> C2 —V 362 + 1+ 1)> = <173>

27

Let u € F, be a nonsquare class, and consider the Wronski polynomial (#? —u)(t? — 1)
with roots at £1 and ++/u. The field of definition of the fibers is Fy(vu? + 14u + 1) /Fy, and we
can compute that the twisted degree is equal to

Ty, (i e, (260 + 560" + 396u? + 56u + 2 + (2u® — 66u” — 66u +2)/u? + 14u+ 1)

= (1, 3u).
Again letting u be a nonsquare, we can take the Wronski polynomial with roots at +/u
and 1+ /u:

Wr(t) = (2 —u)(t? — 2t + 1 — u).

Again we see the local twisted degrees are Galois conjugate over the field of definition F,(v/16u? — 4u + 1),
so we can trace down one of the degrees to get that noo ; is
Ty, (7T e, {5120° = 256u° + 96u? — 16u + 2 + (~128u® + 48u® + 120 — 2) /160> — du + 1)
=(1,3).
Remark 6.4. The previous three cases are observable over the reals, and the signatures of the

resulting forms can be seen in [LP21]. The following two cases do not appear over the real numbers,
but are nevertheless computable from our general framework.

Let t3 4+ at + b be an irreducible polynomial over F,. Then we can work with the

Wronski polynomial
W(t) = t(t* + at +b).
The fibers of this turn out to be rational, and the sum of their twisted degrees is
4
(—ab?, 2—7a4 + ab?).

Since the cubic factor in W (t) is irreducible, we know that its discriminant —4a> — 27b? is a nonzero
square in F,. Observe then that

4 _
2—70,4 + ab® = 2—?(—4(13 — 27b%) = —3a.

Thus the form above reduces to
(—a,—3a) = (1,3).
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We have to try to find an irreducible degree four polynomial over a large family of finite
fields. Observe that if a polynomial t* +at+b is irreducible over F, then its discriminant 256b° —27a*
is a nonsquare in F,. We can work over such a polynomial

W(t) =t*+at +0b,
and we get that the local twisted degrees are defined over Fq(\/?)»b), and are of the form
(320 + 6a>V/3b).
Assuming 3b is a nonsquare, the global twisted degree is
Tre, (a5, (320° + 6a%V/3b) = (1, —768(27a* — 256b)b*)
= (1,3(—27a* + 256b%)).

Remark 6.5. Another example to consider is the cyclotomic polynomial
Syt) =t 32t 1.

This is irreducible over F, precisely when ¢ = 2,3 (mod 5) (which in particular guarantee 5 is a
nonsquare in [Fy). The fibers of the Wronski map involve a square root of 10, so we have to break
into cases depending on whether 10 is a square. If 10 is a nonsquare, then the global twisted degree
can be computed as

Tz, (/107 (200 +25V10) = (1,15) = (3,5).

This will agree with the computation above exactly when 15 and 3u have the same square class,
that is, when 5 is a nonsquare, which we know.

On the other hand if 10 happened to be a square, the global twisted degree over ®4(t) would
become

(200 4 25v/10) + (200 — 25v/10) = (8 + V/10) + (8 — V10) = (1,54) = (1,6).

This agrees with (1,3u) when 2 is a nonsquare, which is guaranteed by the hypotheses that 5 is a
nonsquare and 10 is a square.

Remark 6.6. The degree of the complex Wronski map for m = 2,d = 3 is 5, and we know by
[Pur10] that the Galois groups of osculating Schubert problems are full symmetric whenever d # m.°
Unfortunately this means that trying to replicate Proposition 6.1 will be much harder, as there is
no formula in radicals for the general fibers over a Wronski polynomial of degree 6. Nevertheless we
know by [LP21] that the answer cannot depend only upon the square class of the discriminant (for
instance the loci 1° and 2212 have different twisted degrees over the reals but the discriminant is
positive in both chambers) hence it is necessarily much more complicated than Proposition 6.1.
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