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ABSTRACT. At the genesis of Galois theory at the end of the 19th century, enumerative geometers
were concerned with the solvability of various problems: for instance whether one can express lines
on a cubic surface in radicals in terms of the coefficients that define it. By work of Hermite and a
celebrated theorem of Harris, this is equivalent to determining whether the monodromy group of
a certain finite étale cover is solvable. This problem, as well as the related problem of computing
bitangents to plane quartics, are both unsolvable. When one restricts to the locus of G-symmetric
cubic surfaces, monodromy will drop and can become solvable. In this setting there are four flavors
of monodromy one can consider: the one from restricting the classical cover, the one over the GIT
quotient after modding out by projective transformations, and two related notions of “monodromy”
coming from the stacky cover of G-symmetric lines on G-symmetric cubic surfaces — unlike in
the non-symmetric setting these are all different. In this paper we characterize the relationships
between all four notions of monodromy in the general setting of quotient stacks, and use these
connections to compute all these monodromy groups for all 11 possible automorphism groups of
smooth cubic surfaces, as well as for all 12 possible automorphism groups for smooth planar quartics.
We demonstrate that, in the presence of any symmetry whatsoever, the problem of solving for lines
on cubic surfaces or bitangents to plane quartics is solvable.

1. INTRODUCTION

In Chapter III of Jordan’s Traité des substitutions, the first textbook account of Galois theory, he
investigates the “geometric applications” of Galois theory [Jor70]. The leap to this idea is not so
conceptually difficult—rather than considering the Galois group of one polynomial in one variable
(as in field theory), we investigate the Galois group of a system of polynomials in many variables.
When the system of equations arises in nature from geometry, the resulting Galois group is very
rich and can encode beautiful structure about the underlying geometry.

As early as the 1850’s, it was known that the Galois group of a geometric problem should be
related to the monodromy group of the associated covering space obtained by taking complex
points [Her51]. This relationship, that “Galois equals monodromy”, is now a celebrated theorem of
Harris [Har79] and has seen many applications in enumerative geometry (see [SY21] for a lovely
introduction to these ideas). In this paper we explore two related problems: solving for the 27
lines on smooth cubic surfaces (which has Galois group W (Es)), and solving for the 28 bitangents
to smooth planar quartic curves (which has Galois group W (E7)). Both of these groups are
unsolvable, which implies there exists no formula in radicals for the general lines to a smooth cubic
surface in terms of the coefficients of its defining equation, and similarly for bitangents.

It is a theorem of the first named author that problems such as these admit an equivariant
analogue of Schubert’s conservation of number [Bra25] — for instance if G is the automorphism
group of a smooth cubic surface over the complex numbers, then any two G-symmetric cubic surfaces
admit the same G-symmetry on their 27 lines. It is natural then to ask: can we solve for the
lines on G-symmetric cubic surfaces in radicals? The first and third named author answered this
question in the affirmative in the case of G = Sy, using techniques from Hodge theory and hyperbolic
geometry [BR25]. This computation was numerically certified by Duff and Lee in [DL26]. Using
entirely different techniques coming from the theory of fundamental groups of stacks [Noo04], the
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second-named author computed the Galois groups of lines on cubic surfaces for the groups G = Cj,
Sz, S3 x Cy, and Sy [Lan26]. For G a subgroup of S5, Pichon-Pharabod and Telen numerically
certified the monodromy groups of lines on G-symmetric cubic surfaces by certifying the monodromy
action on homology in [PT25].

In this paper we introduce four related notions of monodromy that one could feasibly investigate
for equivariant enumerative geometry problems: these are parameter-level monodromy, geometric
monodromy, stacky monodromy, and marked stacky monodromy. The parameter-level monodromy
is the classical one which would be recognizable to Hermite or Jordan, the geometric one takes
place over the GIT quotient by projective symmetries, and the stacky ones are defined as in [Lan26].
While these all agree in the absence of symmetry, they become quite different once we restrict our
attention to G-symmetric objects — in Section 3, we characterize the relationships between these
different notions of monodromy. While the stacky monodromy group determines the others, in
practice it is often necessary to compute the parameter-level or geometric monodromy and deduce
the stacky monodromy from it. We compute all of these monodromy groups for the 11 possible
automorphism groups of smooth cubic surfaces and the 12 possible automorphism groups of smooth
planar quartics.

Theorem A (As Theorem 5.2). Let G be an automorphism group of a smooth cubic surface over
the complex numbers. Then the parameter-level, geometric, stacky, and marked stacky monodromy
groups of the 27 lines on G-symmetric cubic surfaces are as follows:

Type G Mon2™ (£)  Mong*™(£) Mongi*ek (&) Mon% ™ (£)
1 C% % Sy 0 0 C¥ %8, 0
2 S5 0 0 SS 0
3 Hs3(3) x Cy Cs Cs H3(3) x Cy 0
4 H3(3) A 02 C3 03 W(Lg) A4
5 Sa Ky Ky Sa X Ku Ka
6 Dg S3 x Cs S3 x Co S% x Co S3
7 Cg Cs Cs C18 0
8 S5 53 53 S5 53
9 04 UQ (]Fg) U2 (]FS) UZ(FB) S4
10 02><2 02><2><S4 CQXQ><S4 (CQXQNCQ)XS4 Cy x Sy
11 Cs GOJ(3) GOf(3) GOf(38)=W(F) PGOS(3)

Theorem B (As Theorem 7.1). Let G be an automorphism group of a smooth planar quartic
curve over the complex numbers. Then the parameter-level, geometric, stacky, and marked stacky

monodromy groups of the 28 bitangents to G-symmetric planar quartics are as follows:

1

Type G Mon%"(B)  MonE™*(B)  Mong**(B) Mon% "™ (B)
1 PSL2(7) 0 0 PSL2(7) 0
2 Cr?x 8 0 0 Cr%x S3 0
3 Cy©® Ay Cy Cy Cy©® Ay 0
4 54 CQXCQ CQXCQ S4><Cz><02 CQXCQ
5 P 04 X K4 C4 X K4 W(B4) S4
6 Co Cy Cy Cy 0
7 Dg Dg x K4 Ds x K4 [256,25876] Cr* % Oy
8 Cﬁ 03 X SLQ(F3) Cg X SLQ(]FS) Cg X SLQ(]F3) A4
9 Ss S3 53 S3 53
10 Ky [256,51978] [256,51978] NW+(E7)(K4) [384,20089]
11 Cs W(Ls) W(Ls) W (Ls) ASL(2,3)
12 Co Nw+n(C2)  Nw+g)(C2) Nyt (C2) Ny+(g,)(C2)/Co

In problems such as these there is an expected answer that the parameter-level monodromy is the
centralizer of the group G in the ambient Galois group of the problem, and the stacky monodromy
is its normalizer. Interestingly this fails in a handful of cases in the above theorems.

With these computations and a bit more work we can conclude that:

1See Remark 7.2 for an explanation of the notation used here.
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Corollary 1.1 (See Section 8). Lines on symmetric cubic surfaces (with any symmetry) admit
formulas in radicals in terms of the coefficients defining the cubic surface. Similarly bitangents
to symmetric planar quartics (with any symmetry) admit formulas in radicals in terms of the
coefficients defining the quartic.

1.1. Overview. In Section 2 we recap the definitions of monodromy and Galois groups of covers
of varieties, before introducing stacky monodromy and some basic techniques used to compute
it. In Section 3 we define the four kinds of monodromy groups under consideration for a general
“equivariant enumerative problem” and discuss how they relate to one another. In Section 4 we
define the moduli space and stack of smooth degree d hypersurfaces in P, we show that the moduli
spaces of G-symmetric smooth cubic surfaces (resp. G-symmetric smooth planar quartics) are
irreducible, and we compute the group of projective symmetries which centralize and normalize
G in each case. In Section 5 we compute the monodromy groups of lines on G-symmetric cubic
surfaces. In Section 6 we reframe the classical correspondence between the 27 lines on a cubic
surface and the 28 bitangents to a plane quartic in the language of stacks, and investigate how
symmetry interplays with this correspondence. This is used in Section 7 to compute the monodromy
groups of bitangents to G-symmetric plane quartics. Finally we discuss solvability in radicals of the
rational Galois groups in Section 8.

1.2. Notation and conventions. We are always working over a field of characteristic zero, and
when we need it to be algebraically closed we will state this explicitly. All of our stacks will be
assumed to be algebraic.

Covers: A “covering space” or “cover” of algebraic stacks is in the sense of [Noo04], meaning a
representable finite étale morphism. A cover of schemes means a finite étale morphism of schemes.

Algebraic groups: Let P be an algebraic group over our base field k. We denote by P° the
schematic connected component of the identity ([Stacks, Tag 0B7R]), and by mo(P) = P/P° the
quotient.

Notation: In this paper, f: V — U will generally denote a covering space of schemes, F: )Y — X
will be a covering space of algebraic stacks, and F': Y — X the associated covering space of the
coarse moduli. We denote by my: X — X the structure map to the coarse moduli space.
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2. COVERS OF STACKS

2.1. Galois groups of schemes and monodromy. Attached to a suitable “cover” of schemes,
we can associate a Galois group. In this work we are always in characteristic zero, however we
remark that the general theory of Galois categories [GR71, V.4], [Stacks, Tag 0BQ6], holds in much
more generality. We refer the reader to [Sza09] for a lovely overview of these ideas, which we assert
mostly without proof.

Theorem 2.1. Let 7: Y — X be a finite étale morphism of integral complex varieties. Then
the Galois group of the cover (in the sense of [GR71]) is isomorphic to the Galois group of the
normal closure of C(Y) over C(X), which furthermore is isomorphic to the monodromy group of
the covering space Y (C) — X(C).

This can be extended to generically finite dominant morphisms by [Har79], however an extra
assumption is needed. We can only define monodromy for such a cover by restricting to an affine
open over which the cover is unbranched. In order to guarantee this is well-defined, we need to
require X to be normal, or to require both X and Y to be integral. We therefore have:

Theorem 2.2 ([Har79]). Let 7: Y — X be a generically finite and dominant morphism between
integral complex varieties. Then the Galois group and monodromy group are isomorphic as
permutation groups of a generic fiber.

As a mild generalization, we do not need to require Y to be connected.

Definition 2.3. Let Y — X be a generically finite and dominant morphism, where X is integral
and normal. We define the normal core cover Y — X to be the smallest cover of X which is Galois
and refines each of the irreducible components of Y.

We can see (either by the theory of Galois categories or by direct inspection), that even when Y
is disconnected, the Galois group of the normal core cover coincides with the monodromy group
of Y(C) — X(C). This is an essential observation needed to work with equivariant enumerative
geometry problems, since the covers under consideration are generally disconnected.

2.2. Stacky monodromy groups. Here we recap the key features of fundamental groups and
monodromy groups of covers of pointed stacks, as defined in [Lan26] following [Noo04]. Let us first
say what we mean by a stack being pointed.

Definition 2.4 ([Noo04, Definition 3.3]). A pointed algebraic stack is a pair (X, z), where X is an
algebraic stack and x: Spec K — X is a geometric point, i.e., K is an algebraically closed field. We
will often write simply = € X, suppressing the corresponding morphism Spec K — X.

A morphism of pointed stacks (or pointed morphism) is a pair (f,¢): (V,y) — (X,z) where
f:Y — X is a morphism and ¢: x — f(y) is a natural transformation of functors. We will always
omit ¢ in the notation, as it will not play a direct role in the paper.
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The above definition is rather technical, but for practical purposes one can think of pointed
morphisms simply as morphisms which preserve base points.

Associated to every pointed connected algebraic stack (X, x) is a Galois category of finite étale
covers FEt( x,z)- Mirroring the construction of the étale fundamental group, Noohi constructs the
fundamental group of the pointed stack (X, z) [Noo04], which is profinite.

We will denote the fundamental group of a pointed stack (X, z) by m (X, z). Different choices of
base points in the same connected component yield isomorphic fundamental groups, thus we will
often suppress the notation of the base point, especially when X is connected.

Since an extensive treatment of the theory of fundamental groups is beyond the scope of the
paper, we limit ourselves to reminding the main feature of stacky fundamental groups compared to
schemes, before moving on to monodromy groups. As usual, we refer to [Noo04, Lan26] for details.

2.2.1. Stabilizers and hidden loops. We start by recalling the definition of the stabilizer of a geometric
point. Since we will need it in the future, we also introduce the inertia stack.

Definition 2.5. Let X’ be an algebraic stack. The inertia stack Zy of X is the fiber product

Iy — X

| J2

X 25 xxx
where A: X — X x X is the diagonal morphism.
Given a scheme S and a morphism s: S — X, equivalently an object s € X(S), the stabilizer or
automorphism group space of X at s is the fiber product

Auty(s) ——— S

R

X —2 5 X xAX.
When the object is a geometric point x: Spec K — X, so with K an algebraically closed field, we
often drop the subscript X', and denote by Aut(x) the group of K-points of Aut y(z).

Remark 2.6. Note that Auty(s) = Zx xx s S. In particular, Ty — X is the ‘universal’ stabilizer
group space of X', and the fiber over a point z € X is its stabilizer.

Let (X, ) be a pointed algebraic stack. The key feature of Noohi’s theory of stacky fundamental
groups is that every element g € Aut(z) should be considered as an infinitesimal loop centered at x,
also called hidden loops in the terminology of [Noo04]. More precisely, Noohi constructs a functorial
natural homomorphism

wy: Aut(z) — m (X, x).
Moreover, if g lies in the connected component Aut(x)° of Aut(x), by definition g can be continuously

deformed into the identity, thus the infinitesimal loop is homotopically trivial. This shows that w,
further factors as a homomorphism

wy: Aut(z)/Aut(z)? — m (X, z);
see [Noo04, §3] for the rigorous construction and [Noo04, Corollary 5.4] for the characterization of
when w, is injective. For any other choice of geometric base point y € X in the same connected
component as x, there is an isomorphism a4, : m1(X,y) — 71 (X, 2) unique up to conjugation; in

particular, we can compose wy with oy, to obtain maps Aut(y)/Aut(y)® — m1(X,x). This provides
a huge source of interesting loops that would be otherwise hard to construct.
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Example 2.7 ([Noo04, Example 4.2]). Let G be a finite group, and let BG = [Spec C/G| be
the corresponding classifying stack, together with the natural geometric point x: Spec C — BG.
Then, G = Aut(z) % 71 (BG, z) is an isomorphism, and the fundamental group is generated by
infinitesimal loops only. Note that z: Spec C — BG also defines the universal cover of BG, as it
is a G-torsor from a simply-connected scheme. This shows the necessity of including infinitesimal
loops when working with stacks.

2.2.2. Monodromy groups and Galois closures. We are ready to introduce monodromy groups.

Definition 2.8 ([Noo04, p. 71]). Let f: Y — X be a morphism of algebraic stacks. We say that
f is a covering map if f is representable, finite, and étale. It is a connected covering map (resp.
irreducible covering map) if Y is further assumed to be connected (resp. irreducible).

Attached to a cover of stacks, we can define a monodromy group, as in [Lan26, §2]. Note that we
do not require the covering map to be connected; this generality is very important for our scope, as
the covers obtained by restricting to symmetric loci naturally split in several connected components.

Definition 2.9 ([Lan26, Definition 2.17]). Let f: Y — X be a covering map of a connected stack
X, with Y not necessarily connected. Let ),..., ), be the connected components, with induced
maps f;: V; = X. Let x be a geometric point of X', and for every ¢ fix a geometric point y; such
that fi(y;) = x;. We denote by Ny, the largest normal subgroup of 71(&X, z) contained in the image
of fix: m(Vi,yi) = m(X,x). Let Ny :=N;Ny,. We define the stacky monodromy group Mon(f) of
f to be

Mon(f) = m(X,z)/Ny.

Remark 2.10. From general principles of Galois categories, for every morphism f: (V,y) — (X, )
pointed morphism of stacks, there is an induced pushforward f,: 71(Y,y) — 71 (X, z) of fundamental
groups [Stacks, Tag 0BN5, Tag 0BND]. When f is a covering map, fs is injective [Stacks, Tag
0BNO).

Note that Definition 2.9 is well-posed and Mon(f) is a finite group. Indeed, the image of f. is of
finite index in 71 (X, ), hence so is Ny,. Moreover, the normality of Ny, implies that of Ny, which
is also of finite index as m1 (X, z) is profinite.

As in Galois theory, it is technically easier to work with Galois covers, which we introduce now.

Definition 2.11. Let f: (Y,y) — (X, z) be a pointed connected covering map. We say that f is
Galois if for every (equivalently, any) choice of geometric point y € ), the image of the induced
map 71(Y,y) — 71 (X, f(y)) is a normal subgroup of 71 (X, f(y)).

Let f: YV — X be a covering map of a connected stack X, and ) = U)); the decomposition in
connected components, with induced connected covering maps f;: J; — X. The Galois closure of f
is the smallest Galois cover f: Y — X that factors through f; for all ¢’s.

Remark 2.12. A Galois cover f with monodromy group Mon(f) is the same as a connected Mon( f)-
torsor, see [Stacks, Tag 03SF, Tag 0BMQ)]. In particular, the Galois closure always exists and is
the cover corresponding to the open subgroup Ny < 7y (X, x), with the notation of Definition 2.9.
When Y is connected, the construction is rather explicit, see [Lan26, Proposition 2.21]. When ) is
disconnected, let )72 the Galois cover of each of the );; then 37 can be taken to be any connected
component of 51 Xx...Xx 37r. Note that all connected components are isomorphic to each other
as they are permuted by the component-wise action of [[, Mon(f;). Moreover, it is clear that any
Galois cover of X' that factors through all J; factors through 37, and we conclude by noticing that
Y — X is a torsor under the subgroup H of [[, Mon(f;) that fixes J). Note that H = Mon(f).

As for fundamental groups, we omit basepoints when the base X is connected, since the monodromy
group does not depend on it when viewed as an abstract finite group.


https://stacks.math.columbia.edu/tag/03SF
https://stacks.math.columbia.edu/tag/0BMQ
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2.2.3. Basic properties of stacky monodromy. We recall a few useful results about monodromy
groups that we will use in the following. We start with a very well-known general fact of Galois
theory, whose proof is therefore omitted.

Lemma 2.13. Let f: X — Y and h : Y — Z be Galois covers. Then, there exists a short exact
sequence
1 — Mon(f) — Mon(h o f) — Mon(h) — 1.

The following result summarizes the main invariance properties of monodromy groups under
pullback.

Proposition 2.14. Let f: Y — X be a covering map, with X irreducible, and g: W — X a
morphism from a connected stack. Form the pullback diagram

gy — Y

ol |

w—2 . x
Then,

(1) ¢g*f is a covering map and there is an inclusion Mon(g* f) < Mon(f);

(2) if g and f are Galois covers, then the cokernel of the injective map Mon(g* f) < Mon(f) is
isomorphic to a common quotient of Mon(g) and Mon(f);

(3) if g is an open immersion and all connected components of ) are irreducible, then Mon(g* f) =
Mon(f);

(4) if g is a faithfully flat morphism with geometrically irreducible fibers, then W is irreducible
and Mon(g* f) = Mon(f).

Proof. To prove point (1), eventually after taking a Galois closure of ), we may assume f to be
a Galois cover. Then, ¢*f is a Mon( f)-torsor, in particular all connected components of g*) are
permuted by Mon(f) and are thus isomorphic. Let Z be any of the connected components, and
H < Mon(f) the stabilizer of it. Then, ¢*f|z: Z — W is Galois and

Mon(g" f) = Mon(g" f|z) = H < Mon(f).

Now, we prove point (2). The Galois covers f and g correspond to normal subgroups Ny and N,
of m(X). Set N := NyN Ny, and let ¢): D — X be the associated covering map. Note that this
cover is Galois as N is normal in m(X'), and 1 factors through g and f, by definition of N. In

particular, ¢ factors as D = ¢*Y LN X; let A :=1im(a) C ¢g*Y be the connected component that
is the image of a. Then, A — X is a Galois cover that factors through both ) and W, hence the
associated subgroup N4 < 71(X) is contained in Ny N Ny = N. On the other hand, the existence
of a implies the opposite containment, that is, Ng = N, so D = A C ¢g*). We have proved that
Mon(g o g*f) = m1(X)/N. By Lemma 2.13, we have then an exact sequence

1 — Mon(¢*f) = m(X)/N — m(X)/Ng — 1.

Therefore,
Mon(g"f) = Ng/N = Ng/(Ny 0 Ng) = NgNy/Ny.
This identifies the injection Mon(g* f) < Mon(f) with the first two terms of the exact sequence

(2.1) 1= N,/(Ny O Np) = my(X) /Ny — m1(X)/NyNy — 1.

The cokernel is then clearly a quotient of Mon(g) = m(X)/N, and of Mon(f) = m1(X) /Ny, proving
point (2).
Finally, points (3) and (4) are [Lan26, Corollary 2.23] and [Lan26, Corollary 2.27], respectively. [
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Remark 2.15. The roles of f and g in the setting of Proposition 2.14(2) are completely symmetric,
hence the same statement holds for Mon(f*g: ¢*) — )). Moreover, the proof shows that the
quotients Mon(f)/Mon(g* f) and Mon(g)/Mon(f*g) coincide and are isomorphic to m1(X)/NyNy.
This can be geometrically interpreted as follows. Form the cover 7 : & — A’ corresponding to Ny Ny,
which is Galois. This cover is dominated by both ) and WW. The natural morphism W x¢ Y — g*)
is both a closed and open immersion, as it is a morphism of finite étale covers with the target having
smaller degree. Its image is the stack A defined in the proof of Proposition 2.14(2). Therefore, the
sequence (2.1) can be rewritten as

1 — Mon(g* f) — Mon(f) — Mon(r) — 1,
and similarly for Mon(f*g).

Proposition 2.14(3) allows us to extend the definition of monodromy groups to ramified finite
covers of irreducible schemes.

Definition 2.16. Let f: Y — X be a representable, generically finite and generically étale cover
between stacks, where X and all irreducible components of ) are irreducible. Let &/ C X be any
non-empty open substack over which the restriction f; of f is a covering map. We define the
monodromy group of f as Mon(f) := Mon(fy).

Example 2.17. It is extremely important that the connected components of ) are irreducible for
Proposition 2.14(3) to hold, even for schemes. As an example, let C' be a rational curve with only
one node ¢ € C. Let 7: P! — C be the normalization map, and p, q € P! the (distinct) ramification
points. Let Y = P! Up.q P! be the union of two copies of P! along the corresponding pairs of points.
Then, 7 induces a Galois double cover f: Y — C, whose restriction to C'\ {c} = P!\ {p, ¢} is trivial.

Remark 2.18. If the base X is normal, then ) is always automatically normal, hence all connected
components are irreducible. In particular, every ramified finite cover of a connected normal stack
has a well-defined monodromy group.

Recall that the key computational feature of stacky monodromy is the ability to exhibit elements
of monodromy via symmetries of points in the base stack. Explicitly, for a geometric point z € X,
there is a natural group homomorphism

wy: Aut(z) — m (&, x).

This need not be injective in general, but the following lemma gives a useful criterion for when this
happens.

Lemma 2.19. Let f: ) — X be a covering map between connected locally-Noetherian algebraic
stacks, and let z € X, y € Y be geometric points with f(y) = x. If ) is an algebraic space (e.g. a
scheme) at y, then the composite

Aut(z) —2 m(X,2) — Mon(f)
is injective.
Proof. This is already implicit in [Lan26], but we still provide a proof for completeness. Let
g: G — X be the residual gerbe of X at = ([Stacks, Tag 06MU]), which exists as X is locally-
Noetherian ([Stacks, Tag 0H22]), and let g*} — G, be the covering map obtained by pullback. Note
that y defines a schematic point of g*). By Proposition 2.14(1), it is enough to prove the result

for h: {y} — BG,, and after further base change, we may assume the existence of a trivialization
BG, = BAut(z) of the residual gerbe. Then, Mon(h) = Aut(z) (Example 2.7), and we are done. [J

Thus when we can bound the monodromy above via geometric constraints (some of which has
been well-understood since the latter half of the 19th century), we can show that stacky monodromy
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attains this upper bound by lifting hidden loops arising from symmetries of given objects. A key
example is [Lan26, Propositions 2.33, 2.38|.

Suppose that the algebraic stack X" is a quotient stack X = [U/P] for some scheme U over a
field £ and a k-algebraic group P. We want to compare the monodromy of a cover over X with the
monodromy of the corresponding P-equivariant cover over U.

Remark 2.20. Note that my(P) is still a k-algebraic group as P° is normal in P. Moreover, the
construction of P° and 7y(P) commute with extension of fields, as P° is geometrically irreducible
by [Stacks, Tag 0BTR].

Proposition 2.21. Let f: V — U be a covering map of schemes of finite type over a base field
k, and let P be a k-algebraic group acting on both X and Y so that f is P-equivariant. Let
F:Y=[V/P] — [U/P] = X be the induced covering map, and assume U to be connected. Then
we have a short exact sequence of groups

1 — Mon(f) — Mon(F) — @ — 1,
where @ is some quotient of mo(P). Moreover, if V' is connected, then @ = my(P).

Proof. First, suppose that P is geometrically irreducible. Then, Proposition 2.14(4) implies that
Mon(f) = Mon(F), so @ = m(P) = 0. Note that these assumptions are satisfied by P°, hence
it is enough to compare Mon(f) with Mon([V/P°] — [U/P°]). Note that the induced map
[U/P°] — X = [U/P°] is a mo(P)-Galois cover, hence the result follows from Proposition 2.14(2).
When V' is connected, then both the proof of Proposition 2.14(2) and Remark 2.15 imply that
Q =m(V). O

3. FOUR FLAVORS OF MONODROMY

Here we discuss the four types of monodromy which one can consider for an enumerative problem,
and demonstrate that while they classically agree for the problems under consideration in this
paper, they are quite different when one wishes to compute Galois groups of equivariant enumerative
problems. We provide a full comparison between the four types of monodromy, and show in many
cases that the stacky monodromy determines all of the others, improving the results in [Lan26, §3.4].

3.1. Marked, stacky, and geometric monodromy. We start by introducing the symmetric loci
of an algebraic stack with respect to a finite group, and define the setup we will work in.

Definition 3.1. Let X be a connected, separated, Deligne-Mumford stack which is smooth over an
algebraically closed field of characteristic zero, and let G be a finite group.

(1) Define X to be the stack whose objects over a scheme S are pairs (z, p) where x € X(.5)
and p: Gg — Auty(s) is a closed immersion over S.
(2) We let X_ C X be the open substack where p is required to be an isomorphism.

In Definition 3.1, the stack Xy is a smooth Deligne-Mumford stack with a representable, finite,
unramified forgetful map

O X — X
sending (z, p) to x [Lan26, Proposition 3.6]. This motivates the following definition:

Definition 3.2. Under the assumptions of Definition 3.1, we define X C X to be the image of ®,
and let X=¢ C XC the open substack where Aut(z) = G.

We further denote by mx: X — X the coarse moduli space of X, and by X=¢ ¢ X% c X the
images of X=¢ and X© along 7y, respectively.

Proposition 3.3. With the assumptions of Definition 3.1, we have that
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(1) The natural map
q)zg: X:G — X:G
is an Aut(G)-torsor, and
WX‘X:G: X:G — X:G
is a G-gerbe.
(2) =% and X=¢ are smooth.
(3) When X=% is connected, all connected components of X_g are isomorphic, dominate X=%,

and are permuted by the action of Aut(G).
(4) The stabilizer of a point in X_¢ is isomorphic to the center Z(G) of G.

Proof. The first point is [Lan26, Proposition 3.15], and it easily implies all the second and third
point. Point (4) is [Lan26, Lemma 3.12]. O

Setup 3.4. Let X be a connected, separated, Deligne-Mumford stack which is smooth over a field
of characteristic zero. Let F: )Y — X be a connected covering map in the sense of Definition 2.8,
with Galois group I', and denote by F': Y — X the induced ramified finite cover between coarse
moduli spaces. Let G be a finite group, and assume that X=¢ is connected.

We are ready to define the covers induced over the G-symmetric loci, and their respective
monodromy groups.

Definition 3.5. In Setup 3.4, we define V=6 .= X¥=C x4 Y and YV_qg = X_g xXx YV, thus fitting
into a cartesian diagram

Vg —— V¢ —— Y

(3.1) yg |70 y

Xeg —— X6 — 5 x
b_¢

Similarly, we define Y= := X=C x x Y, which fits into a cartesian diagram of smooth stacks

(3.2) lFG JF

Remark 3.6. Note that the definitions of Y=¢ and J_¢ (Definition 3.5) differ from those of X=¢
and X—g (Definitions 3.1, 3.2). We nevertheless retain this slight abuse of notation, since the
distinct roles of X and ) make the intended meaning clear, and we use this notation consistently
throughout. Note also that the vertical morphisms in diagrams (3.1) and (3.2) are I'-torsors, and
they are usually disconnected except for F and F.
Definition 3.7. Let 7: Y — X, and G be as in Setup 3.4. We define:

(1) the stacky monodromy of F relative to G to be

Mon (F) = Mon(y=6¢ L5 x=0)
(2) the marked stacky monodromy of F relative to G to be
MonZ#™ (F) = Mon(V—¢ 2% X_¢):

If X_¢ happens to be disconnected, we define marked monodromy by restriction to a
connected component — note that this is well-defined, as it is independent on the component
chosen by Proposition 3.3(3);
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(3) the geometric monodromy of F relative to G to be
G
Mon&®™ (F) = Mon(Y=¢ £ x=6),

Remark 3.8. We show that the assumption of X=¢ being connected is not restrictive at all. First
of all, one could of course define the monodromy and state the next results for each connected
component Z C X=C separately. We avoid this not only to simplify the notation, but because
we can always reduce to the case where Z is the only connected component of X=¢. Indeed, if
x=¢ = ||; Zi is the decomposition in connected components with 2, = Z, let W :=| |,», Z; C X
be the closure, which does not intersect Z;. In particular, W is a proper closed substack of X,
hence the restriction of the cover F: Y — X to X; := X \ W has the same monodromy group I' by
Proposition 2.14(3), and Z is now the only connected component of X;C.

3.1.1. Comparison: marked, stacky, and geometric monodromy. Now, we compare the three flavors
of monodromy defined so far, in Setup 3.4 under the following further assumption.

Assumption 3.9. With the notation of Setup 3.4, we suppose further that Y= is an algebraic
space; equivalently, for all z € X=Y(k) the action of Aut(z) on the fiber of F¢ is faithful.

Under the above assumption, by Lemma 2.19 there is an inclusion G < MonSCEaCk(]: ) < T, by
choosing any base point € X=¢. It turns out that the inclusion is canonical, i.e. it is independent
of the base point. We recall the upper bounds on Mon$***(F) and Mon%**(F) which are proven
in [Lan26], and are often attained.

Theorem 3.10 ([Lan26, Corollary 3.27]). With the notation of Setup 3.4 and Assumption 3.9,
there are natural subgroup inclusions
(3.3) G < Monf**(F) < Np(G),
(3.4) Mon%¥™*(F) < Cr(G) N Monftak(F) = CMonsétack(]:)(G),
and an isomorphism
(3.5) Mon% ™ (F) = Mongt*(F)/G.
Trying to understand when the upper bound of (3.3) is an equality is the core difficulty of

computing symmetric monodromy groups. The following theorem relates stacky monodromy and
marked stacky monodromy, and shows that (3.4) is actually an equality.

Theorem 3.11. In Setup 3.4 and under Assumption 3.9, let Z be any connected (therefore
irreducible, since X_¢ is smooth) component of X—_¢, and let H < Aut(G) be the stabilizer of Z.
Then:

(1) there exists a factorization

y:G g N Z (I):G‘Z X:G
of F¢ with ®_g|z Galois.
(2) There is an isomorphism
Monf#*™(F) 2 Cp(G) N Moni™*(F) = Cyyopatsc i (G):
and a short exact sequence
(3.6) 1 — MonZ**(F) — Monft**(F) — H — 1.

In particular, H = Mon{2k(F)/ CMon%ack( #)(G) under the natural inclusions

Mongtack(F) /Crtongack (7)(G) — Nr(G)/Cr(G) —— Aut(G).
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Proof. Note that Y= is an algebraic space. We start by proving (1). For any algebraic stack S
and morphism a: & — X=C, a lift of a to f: S — X_¢ is equivalent to giving a trivialization
Gs = S x y—c Ty-c of the pullback of the inertia stack Zy—c of X=¢. Therefore, a factorization
as in point (1) is equivalent to a trivialization Gy-¢ = Y= x y=¢ Zy=c. Note that we have an
isomorphism
V= x y=¢ Iy-c = Staby—c

over Y=C¢ where Staby—c¢ is the stabilizer group scheme of the I'-action on V=G defined as the
fiber product

Staby:G L) y:G

l |2
[ x Y=6¢ 25 y=G x y=¢

where o(g,y) = (y,9-y). We are left with showing that Staby-¢ = G x Y=C, which follows from
Lemma 3.12 below. This proves point (1), as the induced map Y=¢ — AX_g can be chosen to factor
through an irreducible component Z by irreducibility of X=¢. Indeed, note that any automorphism
of GG induces a different trivialization of Staby-c, and this is compatible with the Aut(G) action
on X—_g. In particular, different choices of trivializations yield different choices of the irreducible
component Z, as one expects. Choosing the trivialization compatibly for all irreducible components
of Y= shows that Y=¢ — X_¢ can be chosen to factor through Z. Moreover, the morphism g is
finite and étale as F& and ®_¢ are, and the cover is Galois as FC is Galois.

Point (2) follows immediately. Indeed, the map V=G 4 Z ¢ X_¢ induces a section Y= — Y_q,
hence an isomorphism Y_g = Y= x Aut(G). It follows that Mon(Fg) = Mon(g) over Z. In
particular, the exact sequence in (3.6) follows immediately by Lemma 2.13. Moreover, recall that

Mon(Fg) < Cr(G) N Monfta(F) = Optongteck (7 (G),

by Theorem 3.10, hence it is enough to show the opposite containment. In turn, this is equivalent
to saying that g: Y=¢ — Z factors through the projection [Y=¢/Cprc(G)]. On the other hand, the
action of CMonséack(F)(G) on Y=Y x y—¢ Ty—c is the one induced by I" on Y= and trivial on Zy—c
(as T acts by conjugation there). It follows that the isomorphism Y=¢ x G = Y=¢ x y—¢ Zy—¢
induces an isomorphism

[y:G/CMonséack(]:) (G)] X G = [y:G/CMonsGtack(]:) (G)] XX:G IX:G.

Since this is a trivialization of the pullback of the inertia of Zy-c to [Y=¢/ Congtaci( #(G)], this
induces the required morphism [Y=¢/ CMonngack( (@) = ZC V= O

The following simple lemma is used in the proof of Theorem 3.11(1). Not all assumptions are
necessary.

Lemma 3.12. Let ' be a finite group acting on an irreducible, separated algebraic space Y that is
smooth over an algebraically closed field k, and suppose that all k-valued points of Y have stabilizer
group of the same cardinality ¢. Then, there exists a subgroup G < I' of cardinality ¢ and an
isomorphism Staby = G x Y over Y.

Proof. Note that ¢: Staby — Y is surjective and finite of constant degree |G|. Moreover, Staby
splits as the disjoint union |—|vel“ Y7 x{v}, where Y7 is the closed locus of points fixed by . Suppose
by contradiction that for all y € Y'(k) there exists some g, € I' for which y € Y% # Y. Then, we
have a finite decomposition Y = (J Y9 in proper closed subschemes, contradicting the irreducibility
of Y. It follows that there exists some y € Y (k) for which Y5%P®%) = ¥ Then, G := Stab(y) is
contained in the stabilizer of all points of Y, hence equal by cardinality. The result follows. 0
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3.2. Parameter-level and geometric monodromy. Here we are interested in the setting where
X and Y are quotient stacks arising from schemes. We are interested in the following general setting:

Setup 3.13. Let f: V — U be generically finite dominant morphism of schemes over an algebraically
closed field of characteristic zero, where U is smooth. Let I denote the Galois group of f. Let P be
a (geometrically) connected algebraic group acting on V' and U properly and with finite stabilizers,
and suppose that f is P-equivariant. Assume further that for any x € U over which f is unramified,
the normalizer Np(Stabp(z)) acts transitively on the set of connected components of the subvariety

U=Stabpr(z) C [/ consisting of those points whose stabilizer in P is exactly equal to that of z. We
denote by Y = [V/P] and X = [X/P], and by Y and X their coarse moduli spaces, and we denote
by F and F' the induced maps

F:Y—-X

F:Y— X.
We represent this data by the tuple ¥ = (f: V — U, P), and note that all the other data can be
extracted from this.

Remark 3.14. Regarding Setup 3.13:

(1) Often in Setup 3.13 we think of U as a parameter space for objects and we think of P as a
group which identifies objects in U. In this paper we will always be working with a space
of hypersurfaces in projective space, and P will be the automorphism group PGL,, of that
projective space (hence the notation P).

(2) The assumptions on Setup 3.13 are not very restrictive, by Remark 3.8.

(3) For any point « € U, we have that the stabilizer G = Stabp(z) acts naturally on the fibers
f~1(x), and this action lands inside the monodromy group T'.

(4) The assumptions are sufficient to identify X and Y with the GIT quotients U/ P and Y/ P.
In particular F' is generically finite and dominant, and unramified over the points in X with
trivial stabilizer.

Definition 3.15. For ¥ as in Setup 3.13, and G = Stabp(x) the stabilizer of any x € U, we have
that the conditions in Setup 3.4 and Assumption 3.9 are satisfied. We can therefore define stacky,
geometric, and marked stacky monodromy for ¥ as

Monfl2* () := Monftak(F)
Mong, ™ () := Mon% ™™ (F)
MonBa™k (W) := Mon&ark(F).
We can define a fourth monodromy group in terms of ¥, which we call parameter-level monodromy:

Definition 3.16. In Setup 3.13, let G = Stabp(x) be the stabilizer of a point € U. Denote
by UY C U be the subscheme of points which are G-fixed, and let U%° C U be the connected
component containing x. We define the G-parameter-level monodromy to be

Mon2™ (¥) := Mon(V|ye. M Uce).

Proposition 3.17. In Setup 3.13, let G be the stabilizer of a point in U, and suppose further that
the closure of X=¢ in X coincides with X“. Then,

(1) the natural morphism of stacks
[U¢/Np(G)] = X€,

is a normalization. In particular, if X is normal then Stabp(u) < Np(G) for all u € UC.
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(2) the natural morphism of schemes
UYJNp(G) — X,
is a normalization.

Proof. Since we are working in characteristic zero in this paper, we have that G is linearly reductive,
and therefore U is smooth. Thus the quotient stack [U/Np(G)] is also smooth and in particular
normal. Moreover, ¥=C¢ = [U=(%)/P] = [U=%/Np(G)], and its closure in X is X“ by assumption.
Therefore, [U%/Np(G)] — X is a representable birational morphism from a normal stack. Therefore,
it coincides with the normalization. Moreover, if X is normal then the normalization map is an
isomorphism, hence Stab(u) = Aut(z) < Np(G) for all u € U® with image z € XC.

The second claim for coarse moduli spaces is analogous. O

Corollary 3.18. In Setup 3.13, assuming that the closure of X=% is X“ we have an isomorphism
Mon% ™™ () 2 Mon((V/ P)|ye ynp(cy = US INpP(G)).

Proof. Since the map U /Np(G) — X© is a normalization, by Proposition 3.17 they are isomorphic
on a dense open subset, and therefore the monodromy groups agree. O

3.3. Comparing the four kinds of monodromy. The following observation is immediate:

Proposition 3.19. In Setup 3.13 if G = e is the trivial group, and the generic stabilizer of X is
trivial, then
MonP? (¥) 2 Mon8®°™ () = MonS"k (1) 2 Mon™ (W) = T,

When G is non-trivial, these can all be different from one another. Recall that we have already
compared the marked, stacky, and geometric monodromy in Theorems 3.10 and 3.11. Therefore, we
are left with studying the parameter monodromy and compare it to the other types.

In order to compare parameter-level monodromy with marked stacky monodromy, we first show
that the projection morphism U% — X factors through Xg.

Lemma 3.20. The natural Np(G)-invariant map U% — X factors as
U% 2L Xo — X9,
and ¢ is Cp(G)-invariant. In particular, we get an induced morphism
?: [US/Cp(G)] = A
Proof. For every scheme T, and object v € U%(T) mapping to 2 € X&(T), the equalities
Aut(x) = Stab(u) = Gp C Pr

yield a canonical closed immersion p : G — Aut(x), hence an object (z,p) € Xg(T"). Moreover,
Cp(G) preserves the G-action, thus making ¢ invariant. O

Theorem 3.21. The restriction 7°: [U=¢/Cp(G)] — X_g of B to X_g sits in a commutative
diagram

=0

[X=C/Cp(G)] -

> X:G
\ %
G

X:
where « is a Np(G)/Cp(G)-torsor, and § is a Aut(G)-torsor. In particular, ° is an open immersion.

Proof. The existence of the diagram and that « is a Np(G)/Cp(G)-torsor follow immediately
from Lemma 3.20 and the isomorphism X=¢ = [U=%/Np(G)]. Moreover, 3 is an Aut(G)-torsor
by Proposition 3.3. Note that there is a natural inclusion Np(G)/Cp(G) — Aut(G), and @° is
Np(G)/Cp(G)-equivariant. By Galois theory, it follows that $° is an open immersion. O
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This yields an immediate comparison between the monodromy of a cover over Xg and that over
UGc.

Corollary 3.22. In Setup 3.13, the following hold.
(1) There is an isomorphism

Mon([V=C /Cp(G)] — [U=C/Cp(G)]) = Mon™* (¥)

(2) Let U=%° be any connected component of U=, and let H < 7o(Cp(G)) be the stabilizer of
U=G° in the set of connected components of U=%. Then, there exists a quotient of Q over
H and an exact sequence

1 — Mon2™ (V) — Mon@g*™ (V) — Q — 1.
3) If Cp(G) is connected, there is an isomorphism
(
MonP" (W) = MonZ*™ ().

Proof. Recall that it makes sense to consider the monodromy over X_g even though X_q is not
necessarily connected, as all its connected components are permuted by the action of Aut(G), hence
isomorphic. A similar discussion holds for [U=¢/Cp(G)] and U=C.

The first point follows from Theorem 3.21, as it says that [U=¢/Cp(G)] — X—g induces an
isomorphism between a pair of connected components.

For the second point, consider the factorization U=% — [U=Y/C%(G)] — [U=%/Cp(G)], and note
that the first morphism induces an isomorphism between monodromy groups by Proposition 2.14(4).
The second morphism is a m(Cp(G)) = Cp(G)/C%(G)-torsor, and [U=9°/C%(G)] is a connected
component of [U=%/C%(G)]. Then, the result follows from Proposition 2.14(2).

Point (3) follows from the second point as H = 0. Alternatively, apply directly Proposition 2.14(4)
and the first point of this corollary. O

Corollary 3.23. In Setup 3.13, assume that XY= is irreducible, that G acts on the fibers of Y — X
faithfully (equivalently V=6 is an algebraic space). Then, there is an inclusion

Mon%ar(\ll) S CMonngack(\I,) (G)
Moreover, if Cp(G) is (geometrically) connected, then the inclusion is an equality.

Proof. The inclusion follows from Corollary 3.22(2) and Theorem 3.11(2) (or Theorem 3.10 (3.4)).
When Cp(G) is connected, the result follows from Corollary 3.22(3) and Theorem 3.11(2). O

Remark 3.24. The inclusion in Corollary 3.23 can also be proved via more classical methods,
as follows. As G fixes every point in U®, when we consider the covering space Vigee = U Go we
can think about G as acting via the deck group. It then suffices to argue the deck group action
commutes with the monodromy action on the fiber. If v € 71 (U Go, x), and y € V;, we let 7, denote
the lift of v from U%° to V which starts at 3. Acting via g, we get that g - vy is a lift of v which
starts at g - y. However by uniqueness of lifts, we necessarily have that g - v, = 74.y. Thus the deck
group and monodromy group actions on the fiber commute.

Proposition 3.25. In Setup 3.13, let (U=%)° be any connected component of U=%, and let
H < mgNp(G) be its stabilizer in the set of connected components. Then we have a short exact
sequence of groups

1 — Mon®™ (¥) — Monf* ™ (¥) — Q — 1,
and the cokernel () is a quotient of H.

Proof. Recall that X=¢ = [U=C /Np(G)]. We can factor the quotient map U=% — X=C first through
the N&(G)-torsor U=¢ — [U=Y/Np(G)], and then the moNp(G)-torsor [U=¢/Np(G)] — X=C.
Then, we can conclude as in the proof of Corollary 3.22(2), applying Proposition 2.14(4) to the first
torsor, and Proposition 2.14(2) to the second. O
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4. MODULI SPACES OF SYMMETRIC HYPERSURFACES
n+d)
d

Recall that the parameter space of degree d hypersurfaces in P™ is given by ]P’( ~1. Inside this
n+d

locus is a discriminant hypersurface A, 4 C p("a%)-1 parametrizing singular hypersurfaces. We
make the following notational convention:

n+d

Notation 4.1. For n,d > 1 we denote by U, 4 := p("i) -1 \ A, 4 the (affine) space of smooth
degree d hypersurfaces in P"". The convention in this paper is to let PGL,, act on U, 4 on the right:
a matrix M acts on a form f by M - f = f o M—!. Thus we denote by

Mn,d = [Un,d/PGLnJrl]
the associated quotient stack, and M, 4 its coarse moduli space.

In this paper we will be primarily interested in Us 3, parametrizing smooth cubic surfaces, and
Us.4, parametrizing smooth planar quartics. Nevertheless some general facts are true of these
quotient stacks, which we record here:

Proposition 4.2 ([MM63]). Over a field of characteristic zero, we have that M,, 4 is a smooth

and irreducible algebraic stack of dimension ("Zd) — (n+1)2, and it is Deligne-Mumford for d > 3.
The coarse moduli space M, 4 is isomorphic to the GIT quotient Uy, q/PGLy41. For d > 3 in

characteristic zero, it is irreducible and quasi-projective of dimension ("zgd) — (n+1)2. It is smooth
at points parametrizing hypersurfaces with trivial automorphism group.

We will be interested in studying symmetric hypersurfaces, i.e. those that are fixed under some
finite group of projective symmetries G < PGL, 1. We define the isotropy group of projective
symmetries as follows:

Notation 4.3. For X € U, 4, we denote by
PGLn+1’X = {g S PGLn+1 ’ gX = X}

Remark 4.4. For d > 3, and for all (n,d) except (n,d) = (2,3) (plane cubics) and (n,d) = (3,4)
(quartic surfaces), we have that PGL,41 x is equal to the automorphism group of the variety Aut(X)
[MM63].

To that end, we make the following definitions:
Notation 4.5. Let G < PGL, 41 be a finite subgroup. Then we denote by
USy={X € Upq| G <PGLpt1x}
¢ ={X €Unq|G=PGLys1x}

In words, Uf 4 is the space of hypersurfaces fixed by G, and U, g is the space of hypersurfaces fixed
by G and nothing more.

We may also want to consider hypersurfaces which are G-fixed after a change of coordinates.
That is, they may not be fixed literally by G, but by some conjugate copy of G in PGL,, 1. To that
end we define the notation

UT(Li) ={X eUyal gGg~t < PGL;,11,x for some g € PGLy41}
Un:’C(lG) ={X €Upa| 9Gg~' = PGL, 41 x for some g € PGLy41}.
It is clear that

@) _ G
vl= U U
gePGLp 41
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Since G is linearly reductive (by assumption, we are in characteristic zero), we have that UGd is
smooth, however note that it can fail to be irreducible. This is because the G-fixed locus may not
be a single projective space, but a union of projective spaces coming from different 1-dimensional
characters of the group.

Example 4.6. Consider the space of cubic surfaces which are fixed by the cyclic group of order two
acting via [z :y: z:w]+— [ :y: —z: —w]. We have two character eigenspaces, both containing
smooth cubic surfaces. Thus for this cyclic group of order two, we have that U?,C: 3 is not irreducible.?

Remark 4.7. While the specific U Gd under consideration in this paper are in fact irreducible
(this requires proof), when we start to take orbits of them under PGL,,11, we will see overlapping

(@)

irreducible components. In particular this tells us that the U,/ varieties are not, in general, normal.

4.1. The moduli spaces of symmetric cubic surfaces. We now explore the spaces U?% as G
ranges over the possible automorphism groups of smooth cubic surfaces over the complex numbers.
Recall the following classification, which can be found for instance in [Dol12]? (see also [BLP23]).

Theorem 4.8. For X € Us 3, there are exactly 11 possible nontrivial values for Aut(X) = PGL4(C)x,
up to conjugacy in PGL4(C). These groups, laid out in a poset corresponding to subconjugacy in
W (Eg) or PGL4%, and decorated with their “Type,” is as follows:

11| S5 1]C53 % Sy 11| H3(3) x Cy VII| Cg
\Y S4 \I|Sg (3 NCQ IX|C4
X|Cy2 VIII |

X1| Gy

Theorem 4.9. For each group G which appears in Theorem 4.8, we have that U3 s and U?E 3) are
closed irreducible subvarieties of Us 3. Their dimensions, together with the normalizer of G in PGL4
is listed in the following table:

2This is not an issue for us because this Cs is not itself the automorphism group of a cubic surface. When a cubic
surface admits an involution of this form, it is necessarily of Type X, and is therefore fixed under the involution
w — —w as well. Under this C2 x C2 action, we only see one character eigenspace with smooth cubic forms in it, as
we compute in Proposition A.2.

3There are errata in the table there that have been corrected in the forthcoming second edition of Dolgachev’s
Classical Algebraic Geometry.

4These two notions can be verified to agree since we are working over a closed field of characteristic zero.
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type G dimU§’s  dim Uécg) Npcr, (G) Crar, (G) ref
I C;% x5, 0 15 O3 % Sy 0 Al

I Ss 0 15 Ss 0 A.10
I Hs(3) x Cy 1 15 A2 c* A9
IV H3(3) x Co 2 16 Al c* A8
Vv Sy 2 16 Sy X C* C* AT
VI S3xC 3 16 S x (C*)? (C*)? A6
VII Cs 3 15 (C*)? (C*)? A5
VIII S3 6 17 S3 x GL2(C) GL2(C) A4
IX C, 6 16 GL3(C) x C* GLo(C) xC* | A3
X cx? 7 17 (GL2(C) x C*) x C2  GL2(C) x C* | A2
XI Co 12 18 GL3(C) GL3(C) Al

Proof. Since cubic surfaces are anticanonically embedded, the action of G = Aut(X) on P? is
projectivized from its action on H°(X, —K ), hence each G lifts to an isomorphic copy of itself
in GLs. We can use this to explicitly compute each of the varieties U3C7’Y3, which we include in

Appendix A. Since each G is linearly reductive and Us 3 is smooth, we have that U?fg is smooth as
well. O

4.2. The moduli spaces of symmetric planar quartics. Recall that a planar quartic curve is
cut out by a homogeneous degree four form in three variables — the moduli space of such forms is
PHY(P?,0(4)) = P!*. We again have a classification for the kinds of symmetries which can appear.

Theorem 4.10. For X € U4, there are exactly 12 possible nontrivial values for Aut(X) =
PGL3(C)x, up to conjugacy in PGL3(C) (or W+ (E7)). These groups laid out according to
subconjugacy are:

I|PSLy(7) 11| CF* % Ss 11]Cy® Ay VI|Cy
V]S4 V|P VIIT| Cg
XS5 VII| Dg
\ X T K4 XI|Cs
XIJ] Oy

For each of the 12 possible automorphism groups of smooth planar quartics, we compute the
dimensions of their moduli, and we compute their normalizers in PGLs.

Theorem 4.11. Let G be one of the 12 possible automorphism groups for smooth quartic curves over

C (see [Dol12, 6.5.2] or [BB26, 2.4]). Then U§4 and Uéi) are smooth closed irreducible subvarieties
of V, and their dimensions and normalizers are given as follows:
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type G dimU§, dim Uz((j;) Nrcr; (G)  Cpars(G) | ref
I PSLa(7) 0 8 PSLa(7) 0 B.12

I Cr?xS; 0 8 Cr%x S; 0 B.11
I Ci® Ay 1 8 Eqn. (B.5) C* B.10
Y Sa 1 9 Sa 0 B.9
\% P 2 9 Eqgn. (B.5) c* B.8
VI Cy 2 8 (C*)? (C*)? B.7
VII Dg 3 10 Eqn. (B.4) c* B.6
VIII Ce 3 9 (C*)? (C*)? B.5
X S 3 10 Ss x C* c* B.4
X K4 5 11 (C*)? %83  (C*)?2 B.3
XI Cs 6 10 GL2 GL2 B.2
XII Co 8 12 GLs GLs B.1

Proof. This is directly analogous to Theorem 4.9. The explicit computations of the U26f4 varieties
can be found in Appendix B. O

5. GALOIS GROUPS OF LINES ON SYMMETRIC CUBIC SURFACES

Given G some automorphism group of smooth cubic surfaces, we can ask what the parameter-level,
stacky, and geometric monodromy groups are. For Type V, the geometric and parameter-level
mondoromy groups were computed in [BR25]. The geometric and stacky monodromy groups for
Types V, VI, VIII, and XI were computed in [Lan26]. The parameter-level monodromy for Types
I1, V, VI, VIII, X, XI were computed in [PT25]. Here we complete all the remaining cases.

Notation 5.1. Consider the incidence variety of lines on cubic surfaces
Liness 3 = {(X,¢) € Us3 x G(1,3) | £ C X }.
This is finite and étale over Us 3, and is PGL4-equivariant. We denote by
£ = (Linesg 3 — Us 3, PGLy)
the problem of lines on cubic surfaces, and we remark that it satisfies all the conditions in Setup 3.13.

Theorem 5.2. Let G be an automorphism group of a smooth complex cubic surface. Then
the parameter-level, marked, stacky, and geometric monodromy groups of solving for lines on
G-symmetric cubic surfaces are as follows:

Type G Mon"(£) Mong*™ (&) Mongiaek(£) Monf ™ (£)
1 CP % Sy 0 0 C %S4 0
2 Ss 0 0 Ss 0
3 H3(3) x Cy Cs Cs H3(3) x Cy 0
4 H3(3) X CQ 03 03 W(Lg) A4
5 54 K4 K4 54 X K4 K4
6 D()' S3 x Co 53 x Co S§ X Cz 53
7 Cg Cg Cs CS 0
8 S3 53 53 S3 S3
9 Csy Uz (F3) Uz (F3) Usz(F3) Sa
10 Cr? Cy2x 8y CF*x8s (CF*xCy) xS, Cy X Sy
11 Cs GOJ(3) GOf(3) GOF(3)=W(Fs) PGOJS(3)

We compute these groups row-by-row. The first few are rather boring, but we will see that the
computations get more interesting and much more geometrically rich as we move down the subgroup
poset.
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5.1. Type I. The Type I cubic surface is the Fermat, which is unique (up to projective change of
coordinates). Hence there is no parameter-level monodromy to investigate. Similarly, the geometric
monodromy is trivial, since the Fermat yields just a single point in the coarse moduli space. By
Theorem 3.10(3.3), the stacky monodromy is just equal to the group itself. The marked monodromy
group is also trivial, for instance because the center of the automorphism group CSX?’ X Sy is trivial.

5.2. Type II. The Type II cubic surface is also unique, given by the Clebsch. Thus the marked,
parameter and geometric monodromy vanish as in Type I, and the stacky monodromy is the group
itself.

5.3. Type III. Unlike the Type I and II cubic surfaces, once we fix a projective representation for
the Type III automorphism group, we do not obtain a uniquely determined cubic surface, instead we
get a 1-dimensional family. These are all projectively equivalent, hence in the coarse moduli space
there is a unique point corresponding to the Type III cubic surface, and we see that the geometric
monodromy vanishes and the stacky monodromy is equal to the Type III group, as in the previous
two cases. By Corollary 3.23, the parameter-level monodromy is the center Z(Hs(3) x Cy) = Cs.
This can be witnessed geometrically by a small loop around a singular element in the 1-dimensional

H3(3)><C4
Us,

family and can be verified computationally if desired.

5.4. Type IV. Recall that Type IV cubic surfaces have automorphism group Hs3(3) x Cs.
Theorem 5.3. Letting W (Ls3) denote the Shephard-Todd group of the Dynkin diagram of type Ls,

we have
Mon3h ¢, (€) = W(Ls)

Mon%es(rg)x@ (L) = Ay

MODE?EIS()NCQ (£) = hd(mizj?r(g)xc2 (£) = Cw (g (H3(3) x Ca) = Cs.

3

I

In particular the stacky and geometric monodromy are the unique index two subgroups of the
expected monodromy.

We prove this by exploring the geometry of Type IV cubic surfaces — they are intimately related
to the geometry of elliptic curves. Recall by [Dol12, Table 9.6], Type IV complex cubic surfaces are
all projectively isomorphic to one with equation
(5.1) S(a) = V(z® +y* + 2° + w® — 3axyz)

for some parameter a € C. In particular, they form a 1-dimensional family. The singular members
correspond to a parameter a such that a® = 1 or at infinity.

Every Type IV cubic surface has exactly 9 Eckardt points, which are all coplanar. In the equation
(5.1), the Eckardt points lie on the plane w = 0, and are of the form [1:0: —¢J: 0], [1: —¢]:0:0],
and [0:1:—¢]: 0], for j € {0,1,2}.

Restricting our attention to the plane w = 0, the cubic surface intersects at a cubic curve, which
is immediately seen to be in Hesse form:

E(a) = V(2 +* + 23 — 3axyz).
The 9 Eckardt points become the 9 flexes of the cubic. We will see this defines a morphism of stacks.

Definition 5.4. Let € = [(P?\ Agng)/PGL3] be the moduli stack of embedded smooth plane cubic

curves.

Remark 5.5. Recall that the moduli space of € is A!, via the j-invariant. Explicitly, every plane
cubic can be put in Hesse form

(5.2) E(a) :=V(2® +y* + 23 — 3azyz),
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which is smooth away from a® = 1, and has j-invariant of the form

GS a3 3
i) = T

The pencil parametrizes elliptic curves with full level-3 structure, that is Y/(3) = A\ V(a® — 1). In
particular, £ = [(A!\ V(a® — 1))/ASLy(FF3)], see for instance [Har79, Proposition, page 694]. Recall
that the Hesse group ASLg(FF3) is of order 216 = 18 - 12, and it is a non-split extension

1 —— ((03 X Cg) X Cg) — ASLQ(]Fg) A4 1

It is non-split because ASLy(F3) does not contain any subgroup isomorphic to A4. The normal
subgroup (C3 x C3) x Cy is the automorphism group of a generic plane cubic, hence it acts trivially
on A!, while the action of A4 is generated by the two automorphisms

a+2

a—1"

See for instance [BM17, §2] or other standard texts on elliptic curves.

a — (3a, a

Intersecting with the hyperplane containing the 9 Eckardt points then gives a well-defined
morphism of stacks

M§g<3)”02 — E.

We now want to compute the automorphism group of the cubic surfaces in this moduli space with
the automorphism groups of the resulting cubic curves. Generically, the automorphism group
(C3 x C3) x Cy of a smooth planar cubic is the quotient of H3(3) x Co by C3, where C3 acts via
w +— (3w. Non-generically, the automorphism group of the planar curve grows if and only if j =0
or j = 1728.

Proposition 5.6. Let S(a) be as above. Then

(1) j(Es(a)) = 0 if and only if S(a) is projectively equivalent to the Fermat cubic surface
(2) j(Es(a)) = 1728 if and only if S(a) is projectively equivalent to a Type III cubic surface.

Proof. If j(E(a)) = 0, then either a = 0 in which case we obtain the Fermat cubic surface, or
a® + 8 = 0. In this latter case, we obtain a cubic surface defined by the equation

23+ 422 4w+ 6(§xyz

for £ = 0,1,2. Such a cubic surface is projectively equivalent to the Fermat as well,” via the change
of coordinates

r=X+Y+Z2
y=X+GY+GZ
=X +C3Y +GZ.
If j(E(a)) = 1728, then a is a solution to the equation
27a3(a® + 8)3 — 1728(a® — 1)% = 27(a® — 204> — 8)%.

Thus we obtain a degree six equation whose solutions yield Type III cubic surfaces, as remarked in
[Doll12, 9.5.8]. g

Let £° = j71(A!\ {0,1728}). Then we obtain the following result; we refer to [EHKVO01, §3]
and [Gir71] for the definition of properties of (banded) gerbes.

SThere is a typo in [Dol12] which says such surfaces are of Type II instead of Type I.
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Proposition 5.7. The natural map
O: M5 g0

is a banded C's-gerbe.

We are now in a position to complete the computation of Moni}i‘(jg)x Cs (£) and its non-stacky

companion.

Proof of Theorem 5.3. Letting A' be the moduli space of £, we can take W C A! to be the
complement of j~1({0,1728}) and V(a® — 1). Recall that this is the space that gives Dolgachev’s
pencil restricted to Type IV cubic surface, which can also be thought of as Y (3). The above
discussion yields a commutative diagram

Z=H3(3)><CQ W
&} i =
(5.3) MO o W W
C
M3=7§{3(3)>402 P &o

where the square is cartesian by definition. The morphism ) : L=H3(3)xC2 _y pf=H3(3)xC> Xgo W
is obtained by the fact that by having all lines ordered we can also determine an ordered tuple
of Eckardt points. By [Har79, Proposition, page 694] or [Lan26, Proposition 2.35, Remark 2.36],
the morphism ¢ is a connected ASLs(F3)-Galois cover over C, and a connected AGLy(F3)-cover
over R. Since ® is a gerbe by Proposition 5.7, also ¢’ is a connected Galois cover under the
same group. Finally, the fact that over W all lines are defined over C(v/a® + 1) shows that
1 is a finite étale morphisms of degree divisible by 3. Thus the stacky monodromy group of

L=Hs(3)1Ca M;§I3(3) 2 has order at least 648 over C, and order 1296 over R. As we already

know the bound Mon(£L=Hs(3)%C2 | M) < Ny ) (H3(3) % Co) = W(Ls3) % 2, which has
order 1296, this concludes. Geometric monodromy follows immediately, and also depends upon the
field over which we are working.

For the marked and parameter-level monodromy computation, we note that Cpar, (H3(3) x Ca)
is connected, hence we conclude by Theorem 3.11(2) and Corollary 3.22(3). O

Remark 5.8. Over the real numbers, the proof shows that the stacky and geometric monodromy
groups are the expected ones (the normalizer and the normalizer modulo the group, respectively).
This is really the same phenomenon appearing in [Har79, §I11.2].

Remark 5.9. The C3-banded gerbe ® studied in Proposition 5.7 is non-trivial, and this holds true
even after passing to Zariski-open subsets of £°. Indeed, the Zariski-local triviality of the C'5-gerbe
would imply that the exact sequence (for general parameter a)

1—C5— Aut(S(a)) = H3(3) X Cy — Aut(E(a)) = (Cg X 03) X Cy — 1

splits, which it does not. Since the Cs-gerbe is banded (or by direct inspection) the extension above
is central, hence a splitting would induce an isomorphism H3(3) x Cy =2 C3 x (C5 x C3) x Co, which
is false. In particular, the class in the Brauer group of £° that is associated to the C3-gerbe P is
non-trivial (and of degree 3); see also [Lan26, Remark 4.25].

5.5. Type V. These computations are in [BR25, Lan26]. The parameter-level monodromy is in
[BR25], and has been certified numerically in [DL26]. The marked monodromy follows as usual.
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5.6. Type VI. The automorphism group of Type VI surfaces is S3 x Cbs.

Proposition 5.10. The stacky and geometric monodromy groups for lines on S5 x Cs-equivariant
cubic surfaces are

Mong?, ¢, (£) = S3 x Cy
Mon$%, (£) = S5 x Cs
Mon% %, (£) = S3.
Proof. The stacky and geometric computations are [Lan26, Theorem 4.19]. Since Cpgr,(S3) is

connected, the marked and parameter-level monodromy agree, and are equal to the centralizer of S3

in S2 x Cy, which is S5 x Cs. O

5.7. Type VII. In this setting, the automorphism group is Cg. There is a unique Cg-equivariant
cubic surface in the geometric moduli space, so the geometric monodromy is trivial. This tells us
that the stacky monodromy group is the group itself, Cys. Finally, since Cpgr, (Cs) is connected
by Proposition A.5 and Cg is abelian, we have that the stacky and parameter-level monodromy
coincide.

5.8. Type VIII. In this setting, the automorphism group is S3. We have the following:

Proposition 5.11. The stacky and geometric monodromy for lines on Ss-cubic surfaces are
Mon$ak () = §3

3
~ a2
Mon§ ™™ (£) = 53
Mong‘frk(ﬂ) = Mongzr (F) = S%.
Proof. The stacky and geometric monodromy are computed in [Lan26, Theorem 4.13]. The marked
monodromy equals the parameter-level monodromy, which can be computed as the centralizer of S3
in the stacky monodromy since Cpgr,, (S3) is connected. O

5.9. Type IX. In this case the group is Cy, and every smooth cubic surface S with Aut(S) = Cjy is
isomorphic to one in the 1-dimensional family of cubic surfaces given by
(5.4) 3+ 2y + ay® + y2? + 20,

by [Dol12, Table 9.6]. We denote by S, the corresponding cubic surface. There are two singularities
in this pencil, when a = +-22. The resulting singular cubic surface has exactly one singular point

3v3
i
—:1:0:0],
F¢3 }

where F is respective to the sign on a. For a = 0, the corresponding surface Sy is smooth, but the
automorphism group grows to Cg. Let
2i
W—Al{i}
\ 3v3

be the variety parametrizing the family S,. Observe that, while each point is fixed by the action of
Cy, there is an action of the Type VII group Cs via the diagonal matrix with entries [1, -1, (2, (3]
which sends S, to S_,.

Notation 5.12 (Local notation). We will denote by X = [IW/Csg] the quotient stack of the family
W by the action of Cs.

Proposition 5.13.

(1) There is no special value of a € A! for which the cubic surface in Equation (5.4) is a Type
III cubic surface.
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(2) There is a natural open immersion
X — MS4
exhibiting X' as the open substack of cubic surfaces in /\/lgcf‘3 whose automorphism group is
isomorphic to C4 or Cs.

Proof. Observe M% is not smooth but it is irreducible. Since W is smooth, the natural map

W — M% factors through the normalization, inducing a map by Proposition 3.17:

W — [Us4/NpaL, (C1)]
a+— S,.

This map is Cy-equivariant and we can see it factors through the quotient by Cg since the generator
for Cg normalizes Cy in PGL4. Modding out by this action, it is clear we get an open immersion

X — [UC4/NPGL4 (04)]

To prove the statements in the proposition, we want to see that the Type III cubic surface is not in
the image of the morphism above. To see this, we regard the Type III cubic as a morphism of stacks

BChy = BNy, (3)uc, (Ca) = [UY/Npar, (Ca)].

In particular this cannot lie in the image of [W/Cs] since C12 cannot be a subgroup of Cs. O

Let f: Z!X =: )Y — X be the Galois cover of lines pulled back to X'. Note that Cs = Aut(Sy)
injects into the monodromy group of Mon(f) by Lemma 2.19. Let £ — X be the maximal finite
étale cover which both f : L]y =1 YV — X and W — X factor through (Remark 2.15). Let
Z =) xg W = W the Galois cover obtained by pullback, which by construction is a connected
component of the cover of lines over Dolgachev’s family. We get a commutative diagram

zZ— W

(5.5) l l

y — X

To compute Mon(Z — W) < Mon()Y — X) we identify the field extension of C(a) obtained by
equation of lines on S,.

Lemma 5.14. The field C(a) C K of definition of Eckardt lines on Dolgachev’s family W is the
splitting field of the polynomial p(t) = ¢34+t — a. In particular, Mon(Z — W) has S3 as a quotient.

Proof. We compute the equation of the three Eckardt lines, using the notation of equation (5.4).
First, note that the Eckardt involution is [1:1:1: —1] and the Eckardt point is p=1[0:0:0: 1].
The Eckardt plane has equation z = 0, as its intersection with the cubic surface has equation

z::r3+xy2+ay3:0,

hence the three lines intersect at p. Write 2® + 232 + ay® = (z + aqy)(x + azy)(z + azy). By
equating the coefficients, we get that a; + as = —as, and a1y = 1 — ag(ag + ag) = 1 + ag.
Moreover, a = ajasag = ag + ag. It follows that the field of definition of the Eckardt lines is
K := C(a)(a1, a2, a3). Note that the discriminant of the polynomial t3 4+ ¢ — a = 0 is —4 — 27a?,

which is not a square in C(a), hence Gal(K/C(a)) = Ss. O

Now, to compute the extension field of lines it is enough to compute the field of definition of the
non-Eckardt lines intersecting one chosen Eckardt line L. Let a be one between one of the —a;
appearing in the proof of Lemma 5.14, thus o® + a +a = 0. A tritangent plane containing the line
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z = x — ay = 0 has equation x = ay + cz, for a parameter ¢ we want to determine. Substitute this
into our equation to get the product of z (corresponding to the line L) with the conic
w? + c(3a® + 1)y + (3ac® + yz + 222 = 0.
The condition for the conic to split into two lines is provided by the discriminant being zero:
(3a% + 4)c* — 6> —1 =0.

Writing u = ¢? and solving the above equation, we get 4 distinct solutions, corresponding to the 4
tritangent planes. The solutions are

3a; £24/302 +1
+

3a? +4

Now, let ¢ be such a solution. Then, ¢(3a? + 1)y? + (3ac? + 1)yz + c322 can be completed to a
square, which needs to be of the form

1 (3ac® +1 ?
c(30® +1)y? + (Bac® + 1)yz + 322 = = <ozc2+y + c3z) .

The equation of the conic becomes the sum of w? with the above expression, which splits if we
add y/c. We have proved the following,.

Lemma 5.15. The field extension C(a) C F' induced by the cover of lines is

4| 3o £24/3a2 4+ 1
F =C(a)

3a? +4

In particular, the Galois group of the Galois cover Z — W is

MOD(Z — W) = Ug(Fg)
Moreover, its image along the inclusions Mon(Z — W) — Mon(Y — X') — W/(Eg) identifies
Mon(Z — W) with the centralizer Cyy (g, (Cy) of Cy in W (Eg).

Proof. The computation of the extension C(a) C F' has been carried out above. The isomorphism
with Us(F3) follows from an explicit Galois computation. The last part follows either by checking
that Cy is in the center of Mon(Z — W) or by analyzing the subgroups of the normalizer Ny (g,)(Ca)
of Cy in W (Eg), which we know to contain Mon() — X) (and hence Mon(Z — W)).

We are ready to compute the Cy-equivariant monodromy of the cover of lines.
Theorem 5.16. We have
MonZ2™(£) & Cyy () (Ca) = Uz (Fs)

4
MonZ°™(£) = .

12

Proof. Since X is smooth and M;g“ is open and dense in X, by Proposition 2.14(3) we have that

Monsctijk(,Q) >~ Mon(Y — X), where Y = £|x. By Lemma 5.15 and Proposition 2.14(1), we know
that Cyy (g, (Cs) < Mon(Y — X) as subgroups of W (Es), hence it is enough to show that the image
of m(X) — W (Es) commutes with Cy < W (Eg). Diagram (5.5) yields a short exact sequence

1-m(W)—-mX)—Cs—1,

and the inclusion Cg 2 Aut(Sp) < 71 (X) induces a section to the last map. In particular, w1 (X)
is generated by 71 (W) and Cg, and the canonical image of the generic automorphism group Cjy
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in 71 (&X') is contained in Cg by construction. Since Cy is abelian, and by Lemma 5.15, the images
in W(Es) of both Cg and 71 (W) commute with Cy. Therefore, the same holds for the image of
71 (X) — W(Es), that is Mon(Y — &) < Cyy(gg)(Ca), thus completing the proof. O

The marked and parameter-level monodromy follow as usual.

5.10. Type X. In this setting, we are considering cubic surfaces fixed by the Klein four-group
G := (Cy x Cy. We prove the following:

Theorem 5.17. The monodromy groups for lines on Cy x Ce-symmetric cubic surfaces are
Mong55, (£) = ((Cy x Ca) x Cy) x Sy
Mongce;?@ (L) = Cy x Sy
Mon@e, (£) = Monpy'  (£) = Cy x Cy x 8.

As Ny (gg)(C2 x O2) = ((C2 x C2) x Cz) x Sy, the inclusions from left to right always hold, so
we have to argue equality.

Recall that a cubic surface S of Type X has exactly two Eckardt points p; and ps that lie on a
line L C S. We denote by L1, M; the other two lines on S passing through pi, and by Lo, M> the
lines on S passing through po. In particular, the cover £=¢ — M=% splits as the union of three
covers:

(1) one of degree 1, thus an isomorphism, corresponding to L;
(2) one of degree 4, corresponding to the other 4 Eckardt lines;
(3) one of degree 22, corresponding to the remaining non-Eckardt lines.

Moreover, the action of Co x C5 on S is generated by the two Eckardt involutions o1, o9 centered
at p1 and ps respectively, see [Dol12, §9.1.4] and [BLP23, §6.2] for a discussion. By [BLP23, §6.2],
we also know that oy : Ly <> My, o1 fixes Ly and M;, and similarly for os.

To prove Theorem 5.17 we need to construct elements in the monodromy group. There are a few
strategies to do so, for instance using the monodromy groups of deeper strata of M3 3 that we have
already computed. To do so, we need to resort to M3z 3 ¢, as we know it to be smooth thus allowing
us to apply 2.14(3).

Recall that Mg := M3 3 ¢ parametrizes pairs (5, p) where S is a smooth cubic surface and
p : G — Aut(S) is an injective homomorphism from G to the automorphism group of S, and
M_g C Mg is the open substack where p is required to be an isomorphism (Definition 3.1). Note
that for any surface S with automorphism group isomorphic to Co x C5, there are two possible
types of identifications Aut(S) = Cy x Co: one in which the two generators (—1,1) and (1,—1)
correspond to Eckardt involutions, and those where this is not true. There are 2 of the first kind,
and 4 of the second, compatibly with the fact that Aut(Cy x Cy) = Ss.

Definition 5.18. Let G = (5 x (5. We denote by MEG the full subcategory of M_¢g of pairs
(S, p) such that p: Cy x Co = Aut(S) sends (—1,1) and (1,—1) to the two Eckardt involutions, in
some order.
Remark 5.19. Note that MEG is an open and closed substack of M_g. Moreover, by Proposi-
tion 3.3 the composite of

ME, c M_g =% M€
is a Cy-torsor, where Cy < Aut(Cy x Co) =2 S3 is the generated by the involution swapping the two

factors.

In order to apply Proposition 2.14(3), we need to understand the closure of MEG in Mg, for
which we need the following definition ([Lan26, §3.3]). We will give the definition in general for any
G as it will be used in the proof of Theorem 5.17 also for groups different from Cy x Cs.
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Definition 5.20. Let G be any group that is the automorphism group of a smooth cubic surface,
and let V' be a G-representation V', with associated projective representation PV. We denote by
MEY the full subcategory of M of pairs (9, p) such that action of G on PHO(wY) = P? yields a
projective representation isomorphic to PV.

Remark 5.21. Since we work over a field of characteristic 0, G is linearly reductive, hence MIgV is
an open and closed substack of Mg ([Lan26, Lemma 3.23]). See the discussion in [Lan26, §3.3] for
more details.

Lemma 5.22. Let G = Cy x Cy. For i = 1,2, let V1 ; be the 1-dimensional representation of C x Cs
where the i-th factor acts non-trivially, while the other acts trivially. Let V := Vi1 ® V12 @ 192,
Then, the closure of MZ in Mg is contained in Mg

Proof. This follows from the fact that the action of Co x (' is generated by the Eckardt involutions,
see the discussion above. Alternatively, we can choose 9 = x3 = 0 to be the equation of the line L
passing through both Eckardt points, uniformly for all cubic surfaces of Type X. Let H1 and Ho
be the fixed point hyperplanes of o1 and o9, respectively. Then, the line H := H1 N Hy can be set
to be defined by g = x1 = 0. Then, both o1 and o9 acts trivially on H, and restrict to different
non-trivial involutions on L. The statement follows. ]

Lemma 5.23. For G = (3 x (s, the stack M%V is smooth and irreducible. In particular, MEG is
irreducible and MP&V coincides with the closure of MEG in Mg.

Proof. The smoothness is known to hold in general, see [Lan26, Proposition 3.6] and Remark 5.21.
For the irreducibility, we describe MIE;V better. Let (S, p) be an object over a scheme T'. Eventually
after passing to a Zariski-cover, we can assume that S C }P’;‘fp and the G-action on }P’;‘fp is generated
by the matrices

10 0 O 10 0 O
101 0 0 1010 0
1710 0 -1 0 271001 0
00 0 1 000 -1
The polynomials that are invariant under this action are of the form

f(xa Y, 2, 'U}) = f3(x7 y) + Z291(.’L'7 y) + thl(‘Ta y)
with f3 is homogeneous of degree 3, while g; and h; are homogeneous of degree 1. In particular,
there is a surjection from the open subset of A% to MEY, corresponding to smooth polynomials f
as above. Since A% is irreducible, also M%V is.
The last part of the statement follows from the fact that we have an open immersion MEG C
MEY by Lemma 5.22, ME is (open and) closed in Mg by [Lan26, Lemma 3.23], and M%) is
irreducible. ([l

We are ready to prove the monodromy groups of Type X cubic surfaces.

Proof of Theorem 5.17. Note that the geometric monodromy will follow from the stacky one by
Theorem 3.10, and Mongy' -, (£) = Mon@%., (£) by Corollary 3.22 since Cpgr, (C2 x Cs) is

connected by 4.9. Moreover, by Remark 5.19 the morphism MECQX cy M;?XCQ is a Cy-torsor,

and by Lemma 5.23 the total space is irreducible. It follows by Theorem 3.11(2) that 1\/Ionsctjcxkc2 (£)

is a Cy-extension of Monglj;kcz (£), hence it is enough to prove Theorem 5.17 for the marked

monodromy. In turn, this was already proved in [PT25, Theorem 2, nK4] with certified monodromy
tracking. Nevertheless, we give an alternative more conceptual proof.
By 2.14(3) and Lemma 5.23, we know that

Mone, (£) = Mon(Le} ¢y, = Mchne,) < Cw (k) (G) = C3 x Sy,
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which has order 96. Let V5 be the standard 2-dimensional representation of S3, and let Wy =
1 ® —1 @ Va, where —1 is the sign representation. By [Lan26, Lemma 4.16, Theorem 4.17],
the closure of one of the two connected components M—_g,xc, in Mg,xc, is Mg?;z@, which is
irreducible. Moreover, Ws restricted to a specific subgroup C x Cy < S3 x (s is isomorphic to the

representation V of Lemma 5.23. It follows that there is a finite morphism ME?;QCQ — Mﬂé‘;x Cy-

By [Lan26, Theorem 4.19] or [PT25, Theorem 2|, we have that Mon?ga;k@(ﬂ) = S3 x (3, which

mark

then injects into Mongi -, (£). By Theorem 3.10, we also have that the automorphism group itself
Cy x C9 injects into the monodromy (note that it is abelian). Together, they generate a subgroup
Cy x Oy x 83 < (9 x Uy x Sy, where the product of the two copies of C'; on the left and right
correspond to each other.

Now, consider the cover M;S“ of M;g“ that parametrizes Ss-symmetric cubic surfaces together
with a marked Eckardt point. As every Type V cubic surface has exactly 6 Eckardt points, the
cover is finite étale of degree 6. It follows that the index of the monodromy group of the cover of
lines over M;S * in Mon$g**(£) divides 6. Moreover, for each Eckardt point e on an Sy-symmetric
surface S, there is a unique distinct Eckardt point €’ € S, that we call sibling, that lies on a same
line on the surface; see [BLP23, Figure 2]. This yields a morphism M;S = M%‘Q/X@ by sending
a pair (S,e), with e € S Eckardt point with sibling €/, to the surface S with the Cy x Cs action
induced by the two Eckardt involutions associated to e and €', in this order. This shows that the
monodromy contains a subgroup of the Mon%thk(S) & (9 x Oy x Sy of index dividing 6. Putting
everything together we get the statement. O

5.11. Type XI. Finally, we consider the most general case, where the automorphism group is Cs.
Proposition 5.24. The monodromy groups of lines on Cy-equivariant cubic surfaces are
Mon?*(£) = Mong™(£) = Monfy' (£) = GOF (3)
Mong,™™ (£) = PGOY (3).
Proof. The computation of the stacky and geometric monodromy groups are in [Lan26, Theorem

4.24]. Since the centralizer of Cy in PGLy is connected, the marked and parameter-level monodromy
agree, and are the centralizer of Cy in the stacky monodromy. g

6. THE MODULI STACKS OF QUARTICS AND BITANGENTS

In this subsection we discuss the moduli spaces and stacks parametrizing embedded plane quartics
and non-hyperelliptic genus 3 curves, together with their bitangents. Recall following Notation 4.1
that Us 4 parametrizes embedded plane quartics, and has a natural action of PGL3 with quotient
stack My 4. This is isomorphic to the substack of genus 3 curves which are not hyperelliptic.

We are interested in constructing a natural cover of the stack My, which will parametrize
bitangents to plane quartics. Recall that a family of bitangents to a family ¢: @ — T of plane
quartics is simply a family of lines B C P(q.wq,r) such that for every ¢t € T the restriction
By C P(qewgr)t = P? is a bitangent to the quartic Q;.

Let P?V denote the dual space of the projective plane, whose points parametrize lines on the
plane.

Definition 6.1. We denote by Bitans 4 C Us 4 X P2V the incidence variety
Bitang 4 = {(F,{) € Uz 4 X P2V : ¢ is a bitangent to V(F)}.
Since PGL3 acts diagonally on both Uz 4 and P2V, we can make the following definition:

Definition 6.2. We denote by B the stack of bitangents to plane quartics, defined as the quotient
stack

B:= [Bitan2,4/PGL3] .
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Since the map Bitany 4 — Usy4 is PGL3-equivariant, it descends to a finite étale morphism of
quotient stacks G: B — My 4.

Notation 6.3. We denote by
B = (Bitan274 — U274, PGLg)

the problem of bitangents on smooth plane quartics. We observe that it satisfies Setup 3.13.
Theorem 6.4. We have that

MonP? (B) 2 MonS'ak(9B) =2 Mon8®™ (B) = Mon™**(B) = W (FE;),
where W (FE7) is the index two subgroup of W (E7) obtained by splitting off the Geiser involution.

Proof. Exhibiting W (E;) as an upper bound on the parameter-level Galois group is classical,
and dates back to [Jor70, IIL.VI]. A rigorous proof that this is the parameter-level monodromy
group can be found in [Har79, §4]. The correspondence of the three monodromy groups follows by
Proposition 3.19. [l

Similarly to the stack of lines on cubic surfaces, the action of PGL3 on the Galois closure of the

bitangents cover Bitans 4 is free, and thus the quotient is a scheme, as shown in the next lemma.
First, recall that the automorphism group of any plane quartic Q C P?3 is naturally a subgroup
of PGLg, as it is canonically embedded. For an abstract non-hyperelliptic curve of genus 3, such
subgroup is unique only up to conjugation. In both cases, there is a natural action of Aut(Q) on
the set of bitangents.

Lemma 6.5. Let @ be a smooth plane quartic. Then, Aut(Q) acts faithfully on the set of bitangents.

Proof. Non-hyperelliptic curves @ are canonically embedded, so automorphisms of () extend to
projective linear automorphisms. We see that a projective linear automorphism fixing the 28
bitangents must be the identity. To observe this, we pass to the dual plane (P?)V where the 28
bitangents become 28 points. The fixed locus on the projective plane of any element in PGL3 is at
most a line with a point off the line. This implies that 27 of the 28 bitangents are coincident at a
single point, which violates the Pliicker formula for the dual curve of the quartic. O

6.1. Correspondence between Cubic Surfaces and Quartics. In this subsection we show
that the stack parameterizing cubic surfaces equipped with a basepoint not lying on any of their
27 lines is naturally isomorphic to the stack parametrizing quartics with a chosen bitangent. The
construction over a field is classical, see for instance [Har79].

Recall that we denote by M3 3 the 4-dimensional DM-stack parametrizing smooth cubic surfaces.

Definition 6.6. We denote by m: S — M3 3 the universal family of cubic surfaces, whose T-points
correspond to pairs (S, p) with S — T a family of cubic surfaces and p: T'— S a section.

We denote by S° the open substack of S given by the complement of the lines lying on the cubic
surfaces, that is, for all ¢ € T' the marked point p(t) does not intersect any line in S;.

The main result of this subsection is proving that there is a natural isomorphism ®: §° — B,
such that the pullback of the Galois cover of bitangents over B to S° is the pullback of the Galois
cover of lines along §° — M3 3. We start by constructing the morphism ®.

Construction 6.7. Let T be a C-scheme and (S,p) € §°(T), that is, a flat family f: S — T of
cubic surfaces and a section p: T — S not intersecting any line. As usual, the canonical surjection
f* f*wg T wg/ /T defines a closed immersion S < P( f*wl\g/ /T), and the section p then corresponds
to the data of a line bundle L on T" and a surjection f*w\S//T — L. Set E := f*wg/T ® LY, and let F
be the kernel of the induced surjection £ — Op, which is a rank-2 vector bundle. Projecting from p
defines a rational map

S c P(E) —— P(F)
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yielding a morphism ¢: S — P(F), where S = Bl,S is the blowup of S along p. Then, ¢ is a double
cover ramified over a smooth family @ C P(F) of plane quartics over T. Moreover, the image of the
exceptional divisor of S is a family of bitangents B C P(F) over T. The association (S,p) — (Q, B)
defines ®: §° — B at the level of objects.

Now we deal with morphisms; for simplicity, we only consider morphisms over the same scheme
T. Suppose given two pointed families (S1,p1), (Se2,p2) of cubic surfaces over T', and a morphism
1: S1 — Sy over T preserving the marking. For every i, we denote by (Q;, B;) the pairs associated
to (S;,p;i), and with ¢;: §l — P(F;) the morphism from the blowup of S; along p; constructed
above. Since 9 preserves the marking, it lifts to a morphism ZZ Sp — S, preserving the exceptional
divisors. In particular, ¢ commutes with the involutions defining the covers ¢;’s, hence it descends
to a morphism between the quotients 1/: P(Fy) — P(Fy). By construction, 1) needs to respect the
ramification locus of the ¢;’s, hence it restricts to a morphism Q1 — Q2. Moreover, as {5 preserves
the exceptional divisors and B; is the image of it along ¢;, ¥ sends the bitangent By of Q1 to the
bitangent By of Q2. We have then defined the desired arrow ¢: (Q1, B1) — (Q2, Bo).

Theorem 6.8. The morphism ®: §° — B is an isomorphism.

Proof. We start by showing how to locally recover the pair (S,p) from a pair (f: Q@ — T, B) of
a family over T' of bitangents to plane quartics. First, we can embed @ — P(f.wg/r) via the
surjection f* fiwgr — wg - After passing to a Zariski-cover of T', we can assume fiwg 1 to be
trivial, and the ideal sheaf of Q in P(f.wg/s) = P? to be Op(r)(—4). To construct the double cover

¢: S — P(F) of P(F) ramified over Q, we set § = Spec, (Op2 @ Op2(—2)), with the Op2-algebra
- P

structure induced by the multiplication Op2(—2) ® Op2(—2) = Op2(—4) — Op2, where the last
inclusion is the one of the ideal sheaf of ). The preimage of the bitangent B splits as the union of
two (—1)-curves Ly, Lo, and the two pairs (S, L1) and (S, Ly) are isomorphic via the involution
induced by the double cover ¢. Choose one of the two (—1)-curves, and contract it via Castelnuovo’s
criterion to a point p on a cubic surface S; this is the desired pair (S, p) € S°.

Now, we are ready to show that ® is an isomorphism by showing that it is fully faithful and
essentially surjective. First of all, it is clearly faithful, as a morphism v : (S1,p1) — (S2,p2) over T'
is trivial if and only if ¢ Sy — 52 is trivial, and in turn this happens if and only if the induced
P P(F) — P(Fy) is trivial, as w preserves the exceptional divisor. Finally, since (); is canonically
embedded in P(F;), to check the triviality of 1) it is enough to consider its restriction to the plane
quartics.

To show that ® is full, suppose given a morphism ()1 — @2 with induced linear morphism
: P(Fy) — P(Fy) sending By to Bo. Here, (Q;,p;) is the T-object of B associated to (S;, p;) € S°(T).
Locally, 1 induces a morphism QZ : 81 — S5 via the root construction, which is unique up to the
involution induced by the double covers ¢;. However, there is only such a morphism if we ask it to
preserve the exceptional divisors, hence they glue to give a uniquely defined global morphism 1.
As it preserves the exceptional divisors by construction, this in turn induces a unique morphism
1: S1 — S sending p; to p2, as wanted.

Since we have showed ® to be fully faithful, to show that the essential image of ® contains a
family (Q, B) — T in B, we can work locally on the base T'. Then, the result follows immediately
from the construction at the beginning of the proof. O

Our second objective is to compare the cover of bitangents over B to the cover of lines over S°.
The relation is actually classical, so we will limit ourself in stating the result and write only a sketch
of the proof.

Definition 6.9. We denote by B — M 4 the Galois closure of the (étale finite) cover of the 28
bitangents to plane quartics.
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By definition, B — My 4 factors through B. Recall that we denote by L — M3 3 the Galois
closure of the cover of 27 lines on cubic surfaces.

Theorem 6.10. The isomorphism ¢ : §° =, B induces a cartesian diagram

EXM&BSO*)B/

L,

S —2 B

IR

Proof. This follows from Theorem 6.8 and the fact that the image of the 27 lines under the projection
S — P(F) are the remaining 27 bitangents distinct from B. See for instance [Har79] for more
details. 0

6.2. Equivariant Correspondence. In this subsection we try to refine the correspondence proved
in Theorem 6.10, by fixing a group G and finding what cubic surfaces map to G-equivariant quartics
via the isomorphism of Theorem 6.8.

As done for ./\/l;gG in [Lan26], it is easy to show that M?f is a smooth DM-stack. Recall that
M3, ¢ is a smooth stack by Proposition 3.3. Moreover, it is irreducible by [Dol12, Theorem 6.5.2]
or [Bar, Theorem 16].

The table in [BB26, Theorem 1.1] also summarizes the automorphism groups of smooth plane
quartics. Moreover, for every such G, it computes the decomposition of the set of 28 bitangents
in G-orbits, in particular computing the corresponding stabilizers. This decomposition does not
depend on the G-symmetric cubic surface chosen, hence it induces a decomposition of B=¢ — M?f
as the disjoint union of sub-covers, according to the stabilizer of the bitangent.

Definition 6.11. Given an inclusion i : H < G we denote by BG40 the open and closed substack
of B=C of pairs (Q, B) such that the inclusion Aut(Q, B) < Aut(Q) is isomorphic to i : H < G.
Similarly, we denote by S(@H:%) the substack of S° of pairs (S,p) such that the inclusion
Aut(S,p) — Aut(S) is isomorphic to i : H — G.
When i is clear or not relevant, we omit it in the above definition notations, and simply write
BGH) and S(GH) | respectively.

We want to refine the correspondence isomorphism in Theorem 6.8 to give a correspondence of
strata above. To obtain a full correspondence is very complicated, but it is possible to understand
the correspondence for a few strata. The first step is to study the covers S(GH) — M§3G for some
interesting G and H.

6.3. Case H = (. Since every type of cubic surfaces contain a subgroup isomorphic to Co,
completely describing all S(G:¢2) would be complicated. We will need much less; the following is the
main result we will use.

Lemma 6.12. Let S be a smooth cubic surface, and let Cy act faithfully on S via automorphisms.
Then, S is either:

(1) a union of a smooth plane cubic and an Eckardt point. In this case, the involution is
generated by an Eckardt involution, and for such involutions S(@¢2) — M;g is a fibration
in punctured plane cubics.

(2) the union of a line and three points, each lying on some line. In this case, the involution is
the composite of two commuting Eckardt involution, and S(¢2) is empty.

Moreover, all symmetric surfaces admit an involution of the first kind, while the second kind of

involution is present only for cubic surfaces that are specialization of Cy x Cs-symmetric ones, that
is, Type I, I, V, VI, and X.
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Proof. This follows from [Dol12, §9.5], and the fact that the fixed point locus of an action of a
linearly reductive group on a smooth scheme is again smooth. Note that in [Doll2, Table 9.5]
it is inaccurately reported that the fixed locus of an involution of the second kind consists of a
line and one isolated point, while there are 3 isolated points; this is actually proved in the same
section [Dol12, §9.5]. We show that each of the 3 isolated points lies on some line. Recall that, up
to projective transformation, we can assume the cubic surface to have equation

z2(z + aw) + yw(w + bz) + 2> + 32

for some a and b, and the involution to act as [1:1: —1: —1]. Then, the fixed locus consists of the
line = y = 0 and the isolated points [1: —¢§: 0: 0] for i = 0,1, 2. Intersect the surface with the
plane y = —(3x to obtain the homogeneous equation

z[z(z + aw) — Cw(w + bz2)],
which is the product of three linear factors. O

The above lemma shows that we can restrict our attention to Eckardt involution, and for such we
have that the morphism S(¢:¢2) — M=C is a fibration in punctured plane cubics.

6.4. Case H = (3. Many types of cubic surfaces contain subgroups isomorphic to Cs, hence a full
description of all S(¢:¢3) might seem complicated to obtain. However, by Theorem 6.8, we have a
correspondence between strata S(G¢3) as B(G"C3) . By [BB26, Theorem 1.1], there is only one such
irreducible stratum B(©3C3)_ that has dimension 2, making the analysis simple.

Lemma 6.13. Let S be a smooth cubic surface, and let ('3 act faithfully on S via automorphisms.
Then, (S°)%? is either empty, finite, or a smooth cubic curve. Moreover, the last case is possible
only for Type I, III, or IV. In particular, for all inclusions i : C5 < G such that S(G:C34) £ & we
have dim S(@:Cs:9) < dim M;SG + 1, with equality possibly only for Type I, III, or IV.

Proof. Tt follows immediately from [Dol12, Table 9.5]. O

Lemma 6.14. The only group G for which S(%:©3) is non-empty is G = Hz3(3) x Cy, corresponding

to cubic surfaces of Type IV. Moreover, the only subgroup ¢ : C3 < Hj3(3) x Cy for which
SHs(3)xC2,C3,0) £ g ig the inclusion of the center. For that inclusion, S(#3(3)xC2.Cs) _, ./\/l;gb’(g)xc2
is a fibration in punctured irreducible smooth plane cubics.

Proof. By [BB26, Theorem 1.1], there is only one non-empty stratum B(¢"C3) with G/ = Cs; it
is irreducible and isomorphic to ./\/12: f"’, that has dimension 2. The only group G containing Cs
for which M§3G is 2-dimensional is G = S3, corresponding to Type VIII cubic surfaces. However,
one can verify using [Lan26, Theorem 4.11] that all Cs-invariants points are also Ss-invariant; in
particular, S(53:¢3) = &, By Lemma 6.13, the only possibility left are type IV cubic surfaces, that is
G = H3(3) xCy, whose C3-fixed point locus consisting of a punctured smooth cubic curves. Explicitly,
by §5.4, every type IV cubic surface S, is isomorphic to one with equation x> + > + 23 + w? — 3ayzw,
and the center of the automorphism group acts by « — (3z. Then, the Cs-fixed locus is the smooth
plane cubic E, with equation z = y3 4+ 23 + w? — 3ayzw = 0. This concludes, after deleting from
E, the finite number of points that lie on some line. O

6.4.1. Case H = Cg. The case H = (Y is very special.

Lemma 6.15. Let S be a smooth cubic surface, and let Cg act faithfully on S via automorphisms.
Then, (S°)%¢ is either finite or empty. In particular, when S(@:¢6) £ & we have dim S(¢:Cs) =
dim M;g
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Proof. This follows from Lemma 6.13, except possibly for smooth cubic surfaces S isomorphic to
one with equation 3 + 3% + 23 + w3 — 3ayzw, in which case the Cs-invariant locus is the cubic Eg
with equation = = 3% + 2% + w® — 3ayzw = 0. Then, the statement follows from noting that all
faithful Cs-actions on S that preserve Eg restrict to a non-trivial action on Fg. O

The above lemma shows in particular that S(©:¢6) can be positive dimensional only for Type IV
or VL.

Lemma 6.16. There is only one conjugacy class of subgroups isomorphic to Cg in H3(3) x Cs.

Moreover, SWHs(3)xC2,Cs) _, M;gﬁ(g)x@ is an irreducible cover of degree 27, while the induced
cover between coarse moduli spaces has degree 3 and Galois group isomorphic to Ss.

Proof. The first part is a straightforward verification. For the second part, recall that every smooth
cubic surface of Type IV is isomorphic to a surface S, with equation 23 4 y3 4+ w3 + 22 — 3ayzw;
see §5.4. We can choose the subgroup Cg generated by the automorphism x — (3x, and y < z.
Then, the fixed locus consists of the Eckardt point [0 : 1 : —1 : 0] and three points of the form
[0:1:1:w] with w® — 3aw + 2 = 0. These last points do not lie on any line. The computations of
the degree and Galois group of the resulting covers follows immediately. O

Lemma 6.17. There is only one subgroup isomorphic to Cg in S3 x Co. The Cg-fixed point locus
consists of the Eckardt point whose Eckardt involution generates the central Cy in S3 x Cs. In
particular, §(93%C2.Cs) — .

Proof. This is an immediate verification using [Lan26, Theorem 4.17]. O

6.4.2. Case H = S3. We focus on the case where H = S3. We start with a general lemma.

Lemma 6.18. Let S be a smooth cubic surface, and let S3 act on S via automorphisms. Then,
(5°)% is either finite or empty. In particular, when S(¢53) £ & we have dim S(¢%) = dim M§3G

Proof. The fixed locus of any faithful Sz-action on P? is at most 1-dimensional, and each component
is linear. Therefore, S is the union of a finite number of points and lines. Alternatively, see [Dol12,
Table 9.5]. O

By the above lemma, the space S(@93) is either empty or 0-dimensional for surfaces of Type I, II,

or III, while it is at most 1-dimensional for Type IV, V, and VI. We only study the 2-dimensional
case of Type VIII cubics, as this is the only one we will need.

Lemma 6.19. The cover §(%3:93) M3:§3 is of degree 3 and Galois group S3; the same holds for
the induced cover between moduli spaces. In particular, dim S(93:58) = 2.

Proof. Using the notation of [Lan26, Theorem 4.11], the only Ss-invariants points are [—¢3 : 1: 0 : 0],
which do not lie on any line. The action of H =2 S3 x ('3 transitively permutes the ordering of those
points, and the conclusion for stacks follows. Since the étale cover induces an isomorphism between
the stabilizers, it descends to the coarse moduli space by Luna’s fundamental lemma. O

6.4.3. Case H = C4. We focus on the case where H = Cjy.

Lemma 6.20. Let S be a smooth cubic surface, and let Cy act faithfully on S via automorphisms.
Then, S is either finite or empty. In particular, when S(G:¢4) £ & we have dimS(E) =
dim M3§.

Proof. Tt follows immediately from [Doll12, Table 9.5]. O
By the above lemma, the space S(G:¢4) is either empty or O-dimensional for surfaces of Type I, II,
I, and VII. Therefore, the only interesting cases are Type V and IX.
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Lemma 6.21. There is only one conjugacy class of subgroups isomorphic to Cy4 in Sy. Moreover,
for every smooth cubic surface of type V and any choice of Cy < Sy, there are exactly three points
fixed by C4, and all lie on some line. In particular, S(54¢4) = g,

Proof. The first part is clear. Using the notation of [Lan26, Theorem 4.5], if we take Cy = ((1, 2, 3,4)),
then the points fixed by Cy are [0:1:1:2],[0:4:1:0], and [0: —i : 1: 0]. They do lie on lines,
hence S(54:C4) = &, O

Lemma 6.22. Every smooth cubic surface of Type IX has exactly five Cy-invariant points: one
is the Ecakrdt point, three lie on some Eckardt line, and only one does not lie on any line. In
particular, S(€4:C1) =~ M;g“

Proof. Recall that every smooth cubic surface S with Aut(S) = Cy is isomorphic to one in the
1-dimensional family of cubic surfaces given by z3 + zy? + ay® + yz? + 2w?, and the automorphism
group is generated by the diagonal matrix with elements [1:1: —1 :4]; see [Dol12, §9.5.3]. Then,
the Cy-invariant points are the Eckardt point [0: 0 : 0 : 1], the point [0: 0 : 1 : 0], and the three
points [ : 1:0: 0] with z satisfying 2% + 2 + @ = 0. In Lemma 5.14, we showed that the Eckardt
plane has equation z = 0, and its intersection with the cubic surface has equation z3 4+ zy? + ay>.
Therefore, the three Cy-invariant points of the form [z : 1: 0 : 0] lie in the union of the three Eckardt
lines. One can verify that [0:0:1: 0] does not lie on any line. O

7. GALOIS GROUPS OF BITANGENTS TO SYMMETRIC QUARTICS

In this section we compute the stacky, parameter-level, and geometric monodromy groups for the
problem of 28 bitangents to a smooth planar quartic curve.

Theorem 7.1. Let G be an automorphism group of a smooth planar quartic curve over the complex
numbers. Then the parameter-level, stacky, and geometric monodromy groups of solving for the 28
bitangents to the G-symmetric planar quartics are as follows:

Type G Mon%"(B)  Mong™*(B)  Mong**(B) Mon%°™ (B)
1 PSL2(7) 0 0 PSL2(7) 0
2 Cr?x S 0 0 Cr% x S3 0
3 Cy©@ Ay Cy Cy Cs© Ay 0
4 54 CQXCQ CQXOQ S4><C2XCQ CQXCQ
5 P 04 X K4 C4 X K4 W(B4) S4
6 Cy Cy Cy Cy 0
7 Dg Dg x K4 Dg x K4 [256,25876] Cr* % Oy
8 Cﬁ 03 X SLQ(F3) Cg X SLQ(]F3) Cg X SLQ(]F3) A4
9 Sy S3 53 S3 53
10 Ky [256,51978] [256,51978] NW+(E7)(K4) [384,20089]
11 Cs W(Ls) W(Ls) W (Ls) ASL(2,3)
12 Ca Nw+(m7)(C2)  Nw+(p;)(C2) Ny () (C2) N+ () (C2)/Co

Remark 7.2. When the group is too large to admit a clean structure description, we’ve opted to
simply include the small group id of the group. When the group is not in the SmallGroups library,
we describe it instead via W (E;). Other notation: W(—) is the Weyl group of a Lie group, ® is a
classical notation for central products, H3(3) is the Heisenberg group, P denotes the Pauli group of
order 16.

We prove Theorem 7.1 throughout this section.

7.1. The Klein quartic (Type I). Since the Klein quartic is a unique point in the moduli space,
the stacky monodromy is equal to the group itself, the marked-stacky monodromy coincides with
the center, while the parameter-level and geometric monodromy are trivial.

7.2. The Dyck quartic (Type II). Similarly to the Fermat, uniqueness of this quartic governs
the various monodromy groups.
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7.3. The Type III quartic. The Type III quartic defines a unique point in the moduli space,
hence the stacky monodromy is the entire group, the marked monodromy is its center, and the
geometric monodromy is trivial. Unlike the previous two types, we have seen in Proposition B.10
that Ug 3©A4 is 1-dimensional, which affects the parameter-level monodromy. Indeed, the centralizer
CpiLs (C1 ® Ay) is connected by Theorem 4.11, hence

MonPr 4 (%) = Mong?tsy, (B) = Z(Cy © Ay) = Cy.
7.4. Type IV quartics. The automorphism group for Type IV quartics is Sy.

Proposition 7.3. We have that the parameter-level monodromy for bitangents to Type IV quartics
is

Mongir(%) = CQ X 02.

Proof. Since Cy x Cy is the centralizer of Sy in W (E7), we know we have containment, so it suffices
to show this is equality. We can take a normal form for an Sy-symmetric quartic as:

oyt 2 ety 4 222 22,
Up to S4-symmetry, any line has equation ux +y + z = 0 or  + vy = 0. For lines of the first kind,

we can plug them into the general form for the quartic, and see when we get a square. Up to scalars,
this gives us

(u—1)*(u+1)%(a—2)*(a+2)(v® + a + 1)*(au* + 2u* + 8au® + 16).

The factors with multiplicity 1 are ordinary tangencies, and a few multiplicity two factors we already
know: bitangents at u = +1, as well as a singularity at a = 2. The only remaining factor we are left
with is u? + a + 1. So these bitangents are defined over C(a)(v/—a — 1).

For lines of the other type, we get

(a —2)%(v* + av? + 1)(av? 4+ 20" + 2a0% + a + 2)2.

Letting t = v2, we get

20+ /40> —4(a+2)? —a+2u
2(a +2) a+2

t =

Hence these bitangents are defined over

C(a,u) (,/jfi“) .

Altogether this implies that the parameter-level monodromy contains a Klein-four group, so we
must have equality. O

Corollary 7.4. We have that
Mongir(%) = 02 X CQ
Mon%ta(:k(%) = 54 X CQ X CQ

4

Mon%iom(‘B) = CQ X CQ.

Proof. The parameter-level monodromy lives in the stacky monodromy but centralizes the au-
tomorphism group S4. Since the center of Sy is trivial, these must meet disjointly, therefore
Monfgtfd‘(g) contains Cy x Cy x Sy, and this must be equality since this is the normalizer in
W (E7). The geometric and marked monodromy computations follow from Theorem 3.10 (3.5) and
Theorem 3.11(2). O
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7.5. Type V quartics. The automorphism group for Type V quartics is the Pauli group.

To compute the stacky monodromy, we consider the 1-dimensional closed substack B(¢4) of pairs
(Q, B) where @ is a quartic of Type V, with the order 16 automorphism group denoted by P, and
Aut(Q, B) = Cy; see [BB26, Theorem 1.1] for details. By loc. cit., the cover BFC1) — Mif has
order 4, since P is the only automorphism group of smooth planar quartics admitting a bitangent
with isotropy group Cj.

We want to find G for which there exists an injection i : C4 < G such that S(&:¢4) == B(PCa),

Lemma 7.5. The type of pointed cubic surfaces mapping to B is type IX, with a Cy-fixed

point, corresponding to the stratum S (Ca,Ca)

Proof. Since the family is 1-dimensional, by § 6.4.3 the only possibilities are Type V or Type IX.
Then, Lemma 6.21 excludes type V. ([l

Proposition 7.6. The stacky P-symmetric monodromy of the cover of bitangents is the hype-
roctahedral group W (By) (code [384,18139]), while the geometric monodromy is isomorphic to
Sy.

Proof. Let £(C+C1) — 8§(C4:01) he the Galois closure of the pullback of the cover of (all) lines
to S(Ca.Ca) By Lemma 7.5 and the correspondence Theorems 6.8, 6.10, the order of the stacky
monodromy group is

Mon(B=" — Mz [)| = [Mon(B=" = B=")| - deg(B~" — M5 1)
= |Mon(£~(c4’c4)) N 5(04,04)| .4
= [Mon(£=% — M=C)| .4
= 384.

In the third line we used Lemma 6.22, and in the last line we used Theorem 5.16. By Theorem 3.10,
this implies that the stacky monodromy group is an index two subgroup of Nyy+( E7)(C4), containing
Mon(£=¢ — M=) = Uy(F3) (Theorem 5.16). There is only one such group, as one can check
computationally. The geometric monodromy follows immediately from the stacky computation. [J

The parameter-level and marked monodromy follow from Proposition 7.6, Theorem 3.11(2) and
Corollary 3.22(3), as Cpgr,(P) is connected.

7.6. Type VI Quartics. In this case, the moduli stack is O-dimensional. Therefore, the stacky
monodromy group is isomorphic to Cy and the geometric monodromy is trivial, by Theorem 3.10.
Since Cy is abelian and Cpgr,,(Cy) is connected, the parameter and marked monodromy are also
isomorphic to Cy.

7.7. Type VII Quartics. We first compute the parameter-level monodromy.

Proposition 7.7. The parameter-level monodomy group for bitangents to Type VII quartics is
Dg X Cg X 02.

Proof. Since Dg < P, we have inclusions U" C UP*, hence Mon}" (B) < Mon" () by Propo-
sition 2.14(1). Therefore, Mon})"(B) has order divisible by [Mon"(B)| = 16, and dividing
|Cyy+(y)(Dg)] = 32. We will show that we also have a subgroup Dg < Mon,"(B), and since
Dg £ Monl" (B), this will show that the subgroup inclusion Mony" (8) < Monl;7 (%) is strict, and
therefore Mon%zr(%) = CW+(E7)(D8) = Dg x (9 x (.

To find this Dg in the monodromy group, we consider the subcover of the bitangent cover over
U2D , consisting of those 8 bitangents whose isotropy group is conjugate to the cyclic group of order
two generated by swapping = and y (see [BB26, §4.7] for a presentation of Dg in PGL3). Generically
no bitangents are of the form z = 0, so we can assume the bitangent is given by the formula
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x + y + uz for some u. Restricting to the z = 1 patch and restricting the equation of our quartic to
this line, we obtain

azt +a(—z —w) + d + ba*(—x — u)?® + cx(—x — u).
This will be a square if and only if u is a root of the equation:
4a(2a — b)u' — 8acu® + c* — 4d(2a + b) = 0.
For u satisfying the equation above, the Galois group of C(a, b, ¢, d)(u) over C(a, b, c,d) is the same

as the Galois group of Q(a, b, c,d)(u) over Q(a,b, ¢, d), which we can verify is Dg. Therefore this
exhibits Dg as a subgroup of Mon})" and we are done. O

From this we can derive the stacky monodromy:

Proposition 7.8. We have that
Mon'B2™(9B) =2 Dg x Cy x Cs

8

MOHSDtaCk(%) = NW+(E7) (Dg)

8

Mon$"™ (B) = C5* x Cs.

Proof. Since U=P% is connected, and the map U=P# is dominant, we have that X_ Dy 1s connected
as well. Thus by Theorem 3.11 (Equation (3.6)), we have a short exact sequence

1 — Mon'3™ () — Mon$%(B) — Aut(Ds) — 1.

Moreover since Cpar, (Ds) is connected via Equation (3.6), we can apply Corollary 3.22(3) to
conclude that parameter-level and marked stacky monodromy agree. This tells us that the size
of the stacky monodromy is [Mon};" (B)] - [Aut(Dg)| = 32 - 8 = 256. Thus the stacky monodromy

attains the upper bound given by the normalizer, since Nyy+( E7)(Dg) also has order 256. ]

7.8. Type VIII Quartics. Type VIII quartics have automorphism group Cg and form a 1-
dimensional family. By [BB26, Theorem 1.1}, there is a unique bitangent with stabilizer the full Cg;
equivalently, B(Cs:Ce) = A5 6.

)

Lemma 7.9. The type of pointed cubic surfaces mapping to B(CeC6) is type IV, with a Cg-fixed
point, corresponding to the stratum S®H3(3)%C2.C6)

Proof. This follows from §6.4.1, and the fact that Type VIII is the only type of plane quartic
admitting a bitangent with isotropy group Cg. U

Proposition 7.10. The marked, stacky and parameter-level Cg-symmetric monodromy of the
cover of bitangents is isomorphic to C3 x SL(F3), of index 2 in Ny+(g,)(Cs), while the geometric
monodromy is isomorphic to Ajy.

Proof. By Theorem 3.10, the stacky monodromy group is contained in Nyy+(g,)(Cs) = C3 x GLa(F3),
and the geometric one in Ny +(g,)(Cs)/Ce = Sy. Since C3 x GL2(F3) has only C3 x SLa(F3) as an
index 2 subgroup, it is enough to compute the order of the stacky monodromy.

Lemma 7.9 and Theorem 6.10 yield the usual diagram

7

ﬁ(Hg, 3))402,06 S H3 XCQ,CG : 06,06

1 Pk

E ( )NCQ L) M—H3(3)>402 M2:756
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where £H3(3)1C2,Cs) _, §(H3(3)xC2.Co) g the Galois closure of the pullback of the cover of (all) lines
to S(H3(3)¥C2.Cs) By the above diagram and Theorem 5.3, we have that

Mon(f) = Mon(¢1) < Mon(¢) = W (L3).

The inclusion is a subgroup of index dividing deg7m = 27, by Lemma 6.16, and divisible by 9, as
the order of the stabilizers decreases by a factor of 9. Lemma 6.16 also shows that 7 is not a
Galois cover. If Mon(¢;) was an index 27 subgroup of Mon(¢), it would follow that F' factors
through 7. The same would hold for the covers between coarse moduli spaces. The resulting
cover [=H3(3)xC2 _ (S (H3(3)”02’C‘5))m0d between coarse moduli spaces would then correspond to
a subgroup of order 4 in Mon(L:H3(3)XCQ — M3: ?{{ 3(3“02) =~ A,. By uniqueness, that subgroup
would be the Klein group Cs x Cy, hence normal, implying the normality of 7, a contradiction
by Lemma 6.16. Geometric monodromy follows immediately, while marked and parameter-level

monodromy are equal to the stacky monodromy by Corollary 3.22, since Cpgr,(Cs) is connected
and C3 x SL3(IF3) centralizes Co. O

7.9. Type IX Quartics. Type IX plane quartics have automorphism group isomorphic to Ss, and
form a 2-dimensional family. Moreover, by [BB26, Theorem 1.1], every such plane quartics admits a

unique bitangent with isotropy group Ss, therefore B(%3:93) = MQZ’;% by consideration of dimension.

Lemma 7.11. The type of pointed cubic surfaces mapping to B(93:53) is Type VIII, with an
Ss-invariant point, corresponding to the stratum S(53:93),

Proof. From §6.4.2, we know that the only group G for which S(©58) has dimension 2 is G = S3.
The result follows. O

Proposition 7.12. The stacky Ss-symmetric monodromy of the cover of bitangents is isomorphic
to Sg’, while the geometric monodromy is isomorphic to Sg.

Proof. 1t is enough to compute the geometric monodromy, as the exact sequence
1— 53— MonStaCk(SB) — Mon§™™(B) — 1

splits by [Lan26, Corollary 3.16], being S3 a complete group; see also [Lan26, Remark 3.17].
By Lemma 7.11, we have $(93:93) =~ B(53.93)  This, the fact that S(53:5) — M= induces an
isomorphism between stabilizers, and Theorem 6.10 yield a commutative diagram of covers of moduli

spaces
/N L‘

L(Ss53) 21 (§(S8,85)y = B(S3,S5)
l F 5
L_SJ ¢ ; M—Ss M2=2193

where £(53:58) — §(93,53) i5 the Galois closure of the pullback of the cover of (all) lines to S(55:53).
We know that Mon(¢) = Sg. By Lemma 6.19, we have that m has degree 3, hence we know that
Mon§ ™™ (B) = Mon(¢1) contains a copy of S3 x Cy. We are left with showing that Mon(¢y) is

divisible by 9. To show this, note that there is a morphism U — M; :f 3 from an open U C A2,
induced by the family of cubic surfaces with equations

(7.1) 23 493 + 22 4w + (ax + by)zw = 0.
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This factors through , see [Lan26, Theorem 4.11] and Lemma 6.19. Let us consider the family of
lines in P? with equations
(7.2) T = az+ fw, Yy =yz + dw,

and assume the determinant ay — 50 to be non-zero. Substituting (7.2) into (7.1) and imposing the
equation to be identically 0, we get the following identities:

4+ +1=03a8+a=0,
B+ 8% +1,3v5+b=0.
This yields an irreducible polynomial equation
27a° + (—a® +b° + 27)a’ — a® = 0,

together with ¥ = —v/1 4+ a3. The two equations yield a tower over extensions over C(a,b), each of
which has order divisible by 3. By Proposition 2.14(1), it follows that Mon(¢1) is divisible by 9. It
follows that Mon ™™ (B) = Mon(¢1) = S3 x S3. O

oy mark ~ ~
Proposition 7.13. We have that Mong™™(B) = Mongzr(‘B) >~ 52,

Proof. Since Cpgr,(S3) is connected, we can apply Theorem 3.11, Corollary 3.23, and Proposi-
tion 7.12 to conclude. ]

7.10. Type X Quartics. As in Proposition B.3, we let the Klein 4-group Ky < PGL3 act via
y +— —y and z — —z. With this action, we have that UQI’(éf is given by

aozt + a1y? + aszt + bozy? + biz?2? + boy?22.

We can compute the parameter-level monodromy by identifying two codimension two families in
here whose monodromy we already understand.

Proposition 7.14. Let Wi, Wy C Uz{(f be the subspaces given by
W1 = Uy N{ag = a1} N {b1 = b}
Wy = Uy N{ar = az} N {bo = b1}
Then each of Wy and Wy are PGL3-equivalent to Uzl? v, albeit for different Dg’s.

Proof. We show this computation for W7 and observe that the computation for W5 is almost identical
by symmetry. Applying the change of basis z = X +1iY, y =iX + Y, 2 = Z to a quartic with
ag = a1 and by = by, we get

(2a0 — bo) X* + (2a0 — bo)Y* + aa Z* + (—12ag — 2b9) X?Y? + 4ib) XY 72,

which we can see is the same family as UQ? 4 (see Proposition B.6). O

1 2
We can in fact take this a step further, and write W7 = Ui) 4 and Wo = Uzj? 4> where

01
D} = <K4, >
DE = <K4, >

With this in mind, we can now prove:
Proposition 7.15. We have that the marked and parameter-level monodromy for bitangents to
Type X quartics is the centralizer of order 256.

OO = O =
_o o OO
O, O Rr OO
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Proof. Since we have U, 41, U2 : < U2 1 we know by Proposition 7.7 that Cyy+ (g, (Dg) < Mon} (B)
and Cyy+ ;) (D3) < Monlf?j(%) We can compute that an object in the intersection of the centralizers
must lie in the centralizer of Sy, where Sy is generated by the K -action together with the Ss-action
obtained by permuting x, y, and z. Indeed, this follows from the fact that W3 N Wa is the family

ao(a’ +y' +2%) + bo(ay? + 2727 + %27,
which is precisely U; 4. Hence the monodromy only intersects at Cw+( E7)(S4), and we therefore
have that
!Monpar( )| |M0n%a§r(%)| 39.39

MonP® (8)| > — 22 2% _ 956,
‘ OnK4( )| - ’Monpar(%)’ 4

Thus the upper bound given by the centralizer of Ky in W (FE7) is attained. The computation
of the marked monodromy follows from this and Corollary 3.22, as the centralizer Cpgr, (K4) is
connected. ]

Proposition 7.16. We have that the stacky monodromy for bitangents to Type X quartics is the
normalizer Ny +(g,)(K4) of order 1536.

Proof. This is directly analogous to Proposition 7.8. Since Cpgr,(K4) is connected, we have by
Corollary 3.22 the parameter-level monodromy agrees with the marked stacky monodromy. Thus by
Theorem 3.11 (3.6), we obtain the short exact sequence

1 — Mon} ! (B) — Mon52*(B) — Aut(Ky) — 1.
Thus |M0nStaCk| = 1536, and therefore must be equal to Ny+(g,)(Ka). O
The geometric monodromy follows immediately by Theorem 3.10 (3.5).

7.11. Type XI Quartics. Type XI quartics have automorphism group isomorphic to Cs, and
form a 2-dimensional family. By [BB26, Theorem 1.1], for every Cs-quartic there exists exactly one
Cs-invariant bitangent; in particular, B(C3:Cs) o~ M2:7403.

Lemma 7.17. The type of pointed cubic surfaces mapping to B(“33) is Type IV, with a Cs-fixed
point, corresponding to the stratum S(H3(3)xC2,C3)

Proof. This follows immediately from §6.4 and the fact that Type XI is the only type of quartic
admitting a bitangent with isotropy group Cs. 0

Proposition 7.18. The stacky C3-symmetric monodromy of the cover of bitangents is isomorphic
to W(Ls3), the unique index two subgroup in Ny +(g,)(C3). The geometric monodromy is isomorphic
to W(Lg)/Cg = ASLQ(]F?,)

Proof. As usual, it is enough to compute the stacky monodromy. Lemma 7.17 together with
Theorem 6.10 yield a commutative diagram of moduli stacks

7

ﬁ(Hg, 3))402,03 S H3 XCQ,Cg : 03,03

i Pk

L=Hs@3)xC2 ¢ M Ha@nCa M
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where £(H3(3)2C2.C3) _y §(H5(3)1C2.05) i5 the Galois closure of the pullback of the cover of (all) lines to
SHs(3)xC2,C3) By Lemma 6.14, the morphism 7 is faithfully flat with irreducible fibers. Then, Propo-
sition 2.14(4) implies that Mon%?Ck(%) = Mon(f) = Mon(¢1) = Mon(¢). By Theorem 5.3, Mon(¢)
has order 648. It follows that Mon(f) is a subgroup of index 2 in Nyy+(g,)(C3) = Ny (gg) (H3(3) x C2),
hence again Mon(f) = W(L3). The parameter-level monodromy is equal to the marked and stacky
monodromy by Theorem 3.11 and Corollary 3.22, as Cpgr,(Cs3) is connected. The geometric
monodromy follows by Theorem 3.10(3.5). O

7.12. Type XII Quartics. Plane quartics of Type XII have automorphism group Co, and form a
family of dimension 4. Any such plane quartic is isomorphic to one with equation

ot oyt 2 2P (ay? + byz + e2?) + dy?R?,

for some parameters a, b, ¢, d.
By [BB26, Theorem 1.1], the cover B(¢2C2) —» M=C2 has degree 4.

Lemma 7.19. The stack B(¢2:C2) is generically isomorphic to S(¢2:¢2) and in particular irreducible.

Proof. The isomorphism follows from the fact that the only G for which S(&:¢2) has dimension 4 is
G = (s, in which case the only inclusion is the identity by §6.3. Since S(¢2:€2) — M=C2 is faithfully
flat with irreducible fibers and base, S(©€2:C2) is itself irreducible. O

Proposition 7.20. The marked, parameter-level, and stacky Ce-symmetric monodromy of the
cover of bitangents are isomorphic to Ny +(g,)(Ca) of order 4608, while the geometric monodromy
is isomorphic to Nyy+(g,)(C2)/Ca, of order 2304.

Proof. Note first that the marked, parameter-level, and stacky monodromy all coincide, hence it is
enough to compute the latter. Let £(¢2:C2) — §(C2.C2) he the Galois closure of the pullback of the
cover of (all) lines to S(©>¢2). By Lemma 7.19, we have a commutative diagram of moduli stacks

where v is a generic isomorphism, which we can treat as an actual isomorphism by Proposition 2.14(3).
Since = is faithfully flat with irreducible fibers (Lemma 6.12), by Proposition 2.14(4), [Lan26,
Theorem 4.24] and the diagram above, we have Mon(f) = Mon(¢1) = Mon(¢) = W (Fy), of order
1152. It follows from this and Lemma 7.19 that

[Mon(g)| = [Mon(f)| - degh = 4608 = [Ny+(5,)(C2)|-

Since Mon(g) < Nyy+(g,)(C2), and the geometric monodromy is isomorphic to Mon(g)/C2, the
result follows. I

8. FROM MONODROMY TO FORMULAS IN RADICALS

Recall that solvability of the Galois group of a cover implies the existence of formulas in radicals for
the solutions in terms of the defining equations. In Theorem 5.2, for instance, it can be easily verified
that all the parameter-level monodromy groups are solvable, and therefore there are formulas in
radicale over C for lines on a G-symmetric smooth cubic surface, defined in terms of the coordinates
of U3y



42 THOMAS BRAZELTON, ALBERTO LANDI, AND SIDHANTH RAMAN

While this is already valuable, it says nothing about the complexity of the coefficients which
will appear in the formulas in radicals - a priori they could be arbitrary complex numbers. When
possible, we would like to get a formula in radicals over the rationals. To that end, we introduce
the following notation:

Notation 8.1. For each G < PGL4(C) in Theorem 5.2, presented as in Appendix A, we let Kg 2 Q
denote the smallest number field for which G < PGL4(K¢). Therefore U3:3G is a well-defined

Kg-variety which is geometrically irreducible by Theorem 4.9. Letting V|U3=§ denote the normal

core cover taken over K, we define
Monl2 () i= Gal(Ke(Vipme)/ Ka(Us ).

Arguing that these groups are solvable will guarantee the existence of formulas in radicals defined
over K¢ for the lines on G-symmetric cubic surfaces in terms of the local coordinates of U3:3G . An
explicit example is the formula in radicals for lines on Type V cubic surfaces, which is defined over
the rationals and worked out explicitly in [BR25, §7].

We have the following:

Corollary 8.2. For each G in Theorem 5.2, we have that Mong; "y (£) is solvable.

Proof. Since each element of g acts via deck transformations defined over K¢, it necessarily commutes
with teh action of Mon%a;(G(SE) on the geometric fiber. Therefore we have that Mongal}{G(S) <
Cw (56)(G). Since Cyy (i) (G) is solvable for each G in Theorem 5.2, we conclude that Mong,'y. (£)
is solvable as well.

Similarly for quartics, for any G < PGL3 in Theorem 7.1, we can let Kg 2 QQ be the smallest
number field for which G < PGL3(K¢), and define Mong, ' (%) similarly. An analogous proof

shows it is a subgroup of Cyy+(g,)(G), which we may verify is solvable as well.

Remark 8.3. Recall that, under the assumptions of Setup 3.4, in [Lan26, Corollary 3.27] the author
proved that there exists a short exact sequence

1 —— G~ Mon(F¢) —— Mon(F%) —— 1,

showing in particular that Mon(F¢) < Nuon(7)(G). In particular, it is assumed that the base
field is algebraically closed. However, note that the proof of [Lan26, Corollary 3.27] (as most of
the results in [Lan26]), holds over an arbitrary field k. Indeed, the corollary is an immediate
consequence of [Lan26, Lemma 2.28] and [Lan26, Proposition 3.15], neither of which make use of
that assumption. Indeed, [Lan26, Lemma 2.28] is based on [Noo04, Theorem 7.11], which works in
much larger generality.

APPENDIX A. PROOF OF THEOREM 4.9

For a given G < GL4, what would it mean for a cubic form in H°(P3, O(3)) to be G-invariant? It
does not mean that it is literally fixed by G, instead it means that the form F € H?(P3, O(3)) has
the property that, for every g € G there is some nonzero scalar A, € C* for which g- F = A\jF. This
assignment g — A4 necessarily defines a 1-dimensional character of G. Thus we need to understand
for which characters there exist smooth G-equivariant cubic surfaces in its character eigenspace. Up
to conjugating the group in PGL4, we will see that this character can always be taken to be the
identity.

Proposition A.1. We have that Ug 3 and Uégz) are closed irreducible subvarieties of U3z 3 of
dimensions 12 and 18, respectively.
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Proof. The cyclic group of order 2 acts via the diagonal matrix with entries [1,1,1, —1]. The cubic
forms in z,y, z, w decompose into two character eigenspaces, depending on how many w’s there
are. The nontrivial character eigenspace has an odd number of w’s in every monomial, hence every
cubic surface given by such a cubic form is singular, as it contains the hyperplane w = 0. Therefore
the smooth cubic surfaces lie in the trivial character eigenspace, and the closure of U?)Cg is the
projectivization of

_ 3 ,.2 2 2 2 2 3,2 2 2 3 2
WXl —span{z Yy LY, L2, XY, Y2, T2, TW Y Y 2, Yz, yw, 2, 2W }

Hence Ug 3 is 12-dimensional. We can compute that the normalizer of Cz in PGLy is equal to its
centralizer, and consists of block matrices of the following form:

* % *x 0
* % *x 0

Npgr,(C2) = . * % 0 < PGLy.
0 0 0 =

This is isomorphic to GL3. We conclude that
dim U§5? = dim US3 + dim PGLy — dim Npgr,, (Cz) = 12+ 15 — 9 = 18

0

U(CQ XCQ)

Proposition A.2. We have that U:S §XCQ and 3.3 are closed irreducible subvarieties of U3 3 of

dimensions 7 and 17, respectively.

Proof. The action of the Klein 4-group is via the diagonal matrices [1,1,—1,1] and [1,1,1,—1].
Since this contains the action of C5 in Proposition A.1, any smooth cubic surfaces must lie in the
trivial character eigenspace for Co (and by symmetry, for the other order two generator). Therefore

Uggxcz is given in the projectivization of the vector space

_ 3 ,.2 2 2 2 3 2 2
WXl —span{x Yy LY, LY, T2, TW LY, Yz, Yyw }

Thus U“2*¢2 is 7-dimensional. The normalizer is given by all matrices of the form

* x 0 0 *x x 0 0

* x 0 0 * x 0 0

000|000 «

00 0 =« 00 = O
We see then that

GLy x C* x C*
Npgr, (Ca x Cp) & =2 o x Cy 22 (GLg x C*) x Ca.

This is 5-dimensional, so U:,E?XCZ) is 17-dimensional. Only the matrices of the left shape centralize
(5 x (9, so the centralizer is connected. O

Proposition A.3. We have that Ug(f 3 and U?E%‘) are irreducible closed subvarieties of Us3 of
dimensions 6 and 16, respectively.

Proof. The cyclic group of order 4 is generated by the diagonal matrix [1,1,—1,4] in PGLy4. As this
group contains Co, we can restrict our attention to the trivial character eigenspace for Cy. This
leaves us with two character eigenspaces, depending on whether the generator for Cy rescales the
monomial by +1 or —1. These give

Wy, = span{z®, 2%y, zy?, 22°, 9%, y2°, 2w}

2 2 2 2 .3
W, _, = span{z“z, zyz, xw?, y“z, yw~, 2° }.
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We can observe that any cubic surface in W, _, is singular, hence the nonsingular cubic surfaces lie
in the trivial character eigenspace. Thus U is 6-dimensional.

To compute the normalizer, we first note that the generator of C4 and its inverse have different
eigenvalues, hence are not conjugate in PGLy4. Therefore the normalizer of Cy in PGLy is equal to
its centralizer, and this can easily be computed to be those block matrices of the form

* x 0 0
* x 0 0

Npgr,(Cy) = 00 x 0 < PGLy.
0 0 0 =«

(3‘4) is 16-dimensional. O

This is isomorphic to GLy x C*, which is 5-dimensional, hence Us

Proposition A.4. We have that Ugsg and U?E%) are closed irreducible subvarieties of Us3 of
dimensions 6 and 17, respectively.

Proof. The action of Ss is via the tranposition interchanging z and w and the diagonal matrix with
entries [1,1, (3, C??] It is easy to see that any matrix normalizing this S3 must be block diagonal,
with the upper 2 x 2 block arbitrary, and the lower 2 x 2 block agreeing (up to a scalar) with the
lower 2 x 2 block of some element in S3. From this we clearly have that

Npgr, (S3) = GLy x Ss.

Since Sgb = (Y, there are two character eigenspaces to consider. There is a one-dimensional space
of cubic forms which are invariant under the sign character, and this is spanned by 22 — w3, hence
singular. Therefore the space of smooth invariant cubics is given by

3.2 2 .3 3 3
Wy, =span{z”, x°y, zy°, y°, v2w, yzw, 2° + w’}.

This is 6-dimensional, hence U?Ezg) is 17-dimensional. ]

Proposition A.5. We have that Uf 3 and Uégs) are closed irreducible subvarieties of Us3 of
dimensions 3 and 15, respectively.

Proof. The cyclic group Cs acts via the diagonal matrix with entries [1, —1, (2, ¢3]. Squaring this and
invoking Proposition A.3, we have that smooth cubic surfaces lie in the trivial character eigenspace
for Cy4, hence there are only two character eigenspaces to Cg to consider, namely if it sends the
generator to +1 or —1. These eigenspaces are exactly

Wy, = span{z®, zy?, y2%, w?z}
WX—l = Spa‘n{nyu 5[?252, y37 }

The only smooth cubic forms are in the trivial character eigenspace, hence it is 3-dimensional.

The normalizer is equal to the central torus in PGLy, which is (C*)3, therefore Uégs) is 15-
dimensional. O

Proposition A.6. We have that Ugj %XCQ and U?E%SX@) are closed irreducible subvarieties of Us 3 of
dimensions 3 and 16, respectively.

Proof. As S5 is subconjugate to S3 x Cy in PGLy, we can give a slightly different normal form for
these symmetric cubic surfaces than what is found in [Dol12], as this will streamline our computations.
In particular we may present S3 x Cy in PGL4 as the S3 above, together with the involution which
interchanges x and y. Smooth cubic surfaces must be in the trivial character eigenspace for S3, so
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we have two eigenspaces to consider depending on the character attached to this extra involution.
We obtain two character eigenspaces

Wy, = span{z® + y* 2%y + zy?, 2w + yzw, 2> + w?}
Wy, = span{z® — v, 2%y — zy?, z2w — y2w}.

Everything in W, _, splits off the hyperplane z = y, so the smooth cubics are only in the first
character eigenspace. Thus Ug?: gXCQ is irreducible and 3-dimensional.
To compute the normalizer, we remark that this additional involution centralizes S3 in PGLy,

therefore we can compute that
Npgr, (53 x C2) = Cpar, (53 x Ca) - (S3 x Ca).

This can be computed as the torus

a b 0 0
b a 0 0
X\2 _ L2 32
(C*)* = 00 1 ol@ b*#0,,
0 0 01
multiplied with S3, and this multiplication is external. Therefore U(‘?XCQ) is 16-dimensional. [

)

Proposition A.7. We have that U:f‘é and Uéf;“) are closed irreducible subvarieties of Us3 of
dimensions 2 and 16, respectively.

Proof. Here Sy is most easily presented by the permutation matrices in PGLy. Its abelianization is
(s, so there are two character eigenspaces to consider. After conjugating C’;Q in PGL4, we see that
it is a non-normal subgroup of Sy - in particular it is not contained in the alternating group A4,
and therefore since smooth cubic surfaces must lie in the trivial character eigenspace for C’2><2 by
Proposition A.2, they must lie in the trivial character eigenspace for Sy as well. It is immediate to
see that this is given by the elementary homogeneous symmetric polynomials, hence of projective
dimension two in Uz 3. The normalizer was computed in [BR25, 2.10] hence we can see that Uég‘l) is
16-dimensional. ]

Proposition A.8. We have that U5§(3)x02 and U§g3(3)><102)

Us 3 of dimensions 2 and 16, respectively.

are closed irreducible subvarieties of

Proof. We observe that S3 < H3(3) x Cs is not killed by the abelianization of Hs(3) x Cq, hence by
Proposition A.4 all smooth cubic forms must lie in the trivial character eigenspace for Hs(3) x Cs.
We can see that the trivial character eigenspace is

Wy, = span{z® + 1° + 23, w3, zyz}.

Thus Ufg (3)%C2 5o irreducible and 2-dimensional.

To compute the normalizer, we observe that H3(3) x Cy as presented fixes the point [0:0: 0 : 1]
and preserves the plane w = 0. We can therefore study how G acts on this hyperplane P3. The
center Z(H3(3)) = O3 acts trivially, and since H3(3)/C3 = C5?, we have that the image in PGL3 is
given by C5? x Cy. We now claim that

Npars (C5% % Co) = Hag,

where Hajg = C5? x SLo(FF3) is the order 216 Hessian group (c.f. [AD09]). Since C? is the 3-Sylow
subgroup of C’§<2 x Co, it is characteristic, and therefore

NpgL; (C§<2 x Cq) < NpgL; (C;Q) = C3><2 X SLo(F3).



46 THOMAS BRAZELTON, ALBERTO LANDI, AND SIDHANTH RAMAN

Conversely, we can see that ngz X Cy < C;Q x SLg(F3) is normal, and hence we get the other
inclusion NpGLS(C§2) < NpGL3(C3X2 x C3). Putting this all together, we get a short exact sequence

(Al) 1— CX — NPGL4(H3(3) X Cg) — H216 — 1.
Thus the normalizer is 1-dimensional, and hence Ué§3(3)m02) is 16-dimensional. (I
Proposition A.9. We have that U;I 5 x4 and U:,Egg(g)xc‘l) are closed irreducible subvarieties of

Us.3 of dimensions 1 and 15, respectively.

Proof. We have that Type III cubic surfaces can be presented with the same subgroup has Type IV,
but where we add on one more additional automorphism, this one is given by:

1 1 1 0

o+ [1 G G 0
3 1 G G 0

0 0

Cratry

Since UH3(3)xCa - UH3(3)*‘02, we can find that a cubic surface in the latter space admits this
additional symmetry if and only if it is of the form

a(zy + 23 + 23) + bad + 3(V3 — 1)azoziz2.

In particular we get that UH3(3)*C4 ig irreducible of projective dimension 1.

To compute the normalizer, a similar line of reasoning to the proof of Proposition A.8, taking
into account this new generator, gives us that the image in PGL3 by restricting to the plane w =0
is C;Z x C4, where the new element has order four. This new element has normalizer (Jg in PGL3,
so we obtain that Npgr, (C'gX2 x Cy) = C’3X2 X Qg, of order 72. Thus we get a short exact sequence

(A2) 1—-C* — NPGL4(H3(3) X C4) — CSXQ X Qg — 1.

H3(3)><IC4)
3

Thus U?E’ is 15-dimensional, and Cpgr, (H3(3) X Cy = Gy,. O

Proposition A.10. We have that Ugj 3 and Uéff) are closed irreducible subvarieties of Us 3 of
dimensions 0 and 15, respectively.

Proof. Since Sy < Sy is not killed by the abelianization, every smooth Ss-symmetric cubic form
lies in the trivial character eigenspace. There is a unique such form (up to a scalar), given by the
Clebsch cubic surface

PP+ B w0 — (e y+ 2+ w)d

The normalizer is quite easy to compute — it is straightforward to see that Cpgr, (Ss) is trivial, hence
(Ss)

since S5 is complete, we obtain that the normalizer must be Sy itself. Thus Uj'3” is 15-dimensional.

The centralizer is trivial. O
X3 X3

Proposition A.11. We have that U(C:;?’ *54) and U(% *54) are closed irreducible subvarieties of

)

Us,3 of dimensions 0 and 15, respectively.

)

Proof. 1t is clear that there is a unique cubic surface fixed by this automorphism group, namely the
Fermat cubic

a:3+y3+z3—|—w3.

Any matrix in PGL4(C) which normalizes the automorphism group of the Fermat cubic must be a
generalized permutation matrix. By considering its conjugation action on the permutation matrices
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in C3X3 X Sy, it is clear that the entries of this matrix must be third roots of unity. But all such
matrices are in the group, hence

NPGL4((C)(C§<3 A 54) = C;S X S4.

X3
Thus U. (,65;3 *51) s irreducible of dimension 15. The centralizer of this group must therefore be equal
to its center, which we can verify is trivial. O

APPENDIX B. PROOF OF THEOREM 4.11

We prove this throughout this section, working upwards through the poset of subconjugacy classes
of these groups in PGL3. As in the case of cubic surfaces, when the group is presented by diagonal
matrices, the monomials form an eigenbasis for the action of the group on the space of ternary
quartic forms, which makes computations easier.

Proposition B.1. Let G = C5. Then Ug 3 1is irreducible of dimension 8.

Proof. Here the group Cs is defined by
10 0
C2=< 01 0 >§PGL3.
0 0

There are two character eigenspaces to consider, which are x; and x_1, and are spanned by:
(B.1) Wy, = span{z*, 2%y, 2°y%, 2722, wy®, wy2®, y o222, 2%
(B.2) Wy, = span{z3z, 22yz, xy’z, 223,32, y23).

Nothing in P(W,_,) defines a smooth planar quartic, since they all split off the line z = 0, hence
since dim W,, = 9, we have that U§4 = P(W,,) is 8-dimensional.
We can easily compute that the normalizer is equal to its centralizer, which is

* *x 0
Npgr, (Ca) = x x 0 =~ GL,.
0 0 1

Therefore
dim Uy P = dim U + dim PGLs — dim Npgr, (Cz) =8 +8 — 4 = 12,

Proposition B.2. Let G = (5. Then UQC: 4 is irreducible of dimension 6.

1 0 O
C3=< 01 0 >§PGL3.
0 0 G

This gives three character eigenspaces, which are

Proof. We have that

4 3 2,2 3 3 .4 3
Wy, = span{a”, z°y, x“y", xy°, x2°,y", y2°}
3, .2 2. 3. .4
Wye, = span{z’z, xyz, xy“z,y°z, 2"}

2.2 2 2.2
chgzspan{xz TRl Tab-al
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The latter two consist of singular quartics, hence we have that UQC: i =P(W,,) is 6-dimensional. We
again compute the normalizer as

Npgr, (C3) = = GLo,

S ¥ ¥
S ¥ ¥
= o O

hence Uz(i) is 10-dimensional. O

Proposition B.3. We have that U;if is irreducible of dimension 5.

Proof. Here we have that the Klein-4 group is given as

1 0 0 1 0 0
K4:< 01 01,10 -1 O >§PGL3.
0 0 -1 0 0 1

Since Cy < K4 < PGL3, any smooth K, -symmetric planar quartics must have the property
that the first generator acts trivially. By conjugating Cs inside PGL3, an identical argument to
Proposition B.1 shows that smooth planar quartics must lie in the trivial eigenspace for the other
generator of K. Hence altogether, smooth planar K4-symmetric quartic forms must lie in the trivial
eigenspace for K. This is given as

W.

Xtriv

_ 4 .22 2.2 4 22 4
= span{z", z7y*, z°2°, y*, y°2°, 2" }.

Hence U;if is 5-dimensional.

We remark that all three non-identity elements in K, are conjugate inside PGL3, hence Npgr,, (K1)
surjects onto S3 via its permutation action on these elements. It is straightforward to see that the
kernel of this action (the centralizer of all three elements) is just the diagonal torus in PGL3, hence
we get a short exact sequence

0 — (C*)? = Npar, (K1) — S3 — 0.

This is split by the inclusion of the permutation matrices. Thus we get that Npap, (K4) = (C*)? % S3,
and thus Uéfi‘g is 11-dimensional. O
Proposition B.4. U; 3 is irreducible of dimension 3.
Proof. We have that

¢s 0 0 010

53:< 0 ¢ o],[1 0 0 >§PGL3.
0 0 1 0 0 1

Since S3P = Cy, the order 3 elements must act trivially. Considering the monomial basis for W,
this restricts our attention to the subspace

span{z3z, 2%y?, zy2?, 132, 21},
We now ask how the element of order two acts, and we obtain two eigenspaces, given by
Wy, = span{(2® + y%)z, 2%y%, 2y2?, 2*}
Wy, = span{(z® — y*)z}.

Hence the moduli of S3-symmetric smooth planar quartics lies in the trivial character eigenspace
for S3, which is 3-dimensional.
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Since S3 is complete, we have that Npgr,(S3) = S3 X Cpar,(S3). The centralizer can easily be
computed as

Cpcr,y(S3) =

o O =
O = O
* O O

hence Npgr,,(S3) = S3 x C*. We therefore obtain that Uéff) is 10-dimensional. O

Proposition B.5. USZ is irreducible of dimension 3.

-1 0 O
06:< 0 1 0 >§PGL3.
0 0 ¢

We get six character eigenspaces, depending upon how the generator acts. These are spanned by

Proof. We have that

WXl = Span{lAa $2y2a y47 yz3}
Wye, = span{z?yz, i3z, 21}
WXC§ = span{z?2?%,9?2%}

Wy, = span{x3y, :Uy3, :cz3}

Wy ¢, = span{z>z, zy° 2}
2
WX—<§ = span{zyz-}.

The only locus containing any smooth quartic forms is the trivial character eigenspace, hence Ug s
is 3-dimensional.

We can compute directly that no element in PGL3 can conjugate the generator of Cg to its
inverse, hence since these are the only two order 6 elements in the group, they must be fixed by
the normalizer, and therefore Npqr,(Cs) = Cpars(Cs). It is clear that the centralizer is simply the

diagonal matrices, which are isomorphic to (C*)2. Altogether we get that UQZG) is 9-dimensional. [J
Proposition B.6. UQ? 4 is irreducible and 3-dimensional.
Proof. Here we have
¢t 0 0 010
D8:< 0 — 0,1 0 O >§PGL3.
0 0 1 0 01

Since the copy of K4 in Proposition B.3 is subconjugate to Dg in PGL3, any smooth Dg-symmetric
forms must have the property that they lie in the trivial character eigenspace for the corresponding
subgroup K4 < Dg. The relevant copy of K4 here is

10 0 010
<010,100>.
00 -1/ \o o1

The trivial character eigenspace for this copy of K is given by symmetric polynomials in z and y
times even powers of z. This is 6-dimensional, spanned by:

span{z? + y!, 23y + 9, 222, (2 + )22, wy2?, 1)
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This vector space decomposes to our two relevant character eigenspaces for Dg, depending upon

i 0 0
whether the element | 0 —i¢ 0| acts by +1 or —1. We get
0 0 1

Wy, = span{z? + y*, 2%y?, zy2?, 24}
Wy, = span{z’y + 23°, (2 + y*)2*}.
Anything in W, _, has a singularity at [0 : 0 : 1], hence all the smooth quartics lie in the trivial

eigenspace, and hence UQD 4 is 3-dimensional.
To compute the normalizer, we fix some notation for the generators. Let

1 0 0
r=10 — 0
0 0 1
010
s=(1 0 0
0 01

We note that Z(Dg) = (r?) = Cy, hence any element g € Npgr, (Ds) must centralize 2. This tells
us that

(B.3) Npar, (Dg) <

O ¥ ¥
S ¥ ¥
= o O

That upper left 2 x 2 block, considered in GLso, must either fix or interchange r and 73 under
conjugation (as they are the unique things of order 4). Hence this upper block must be diagonal or
anti-diagonal. If it is diagonal, then by conjugating with the transposition, we get

a 0 0 al 0 0 ab™l 0
0 b O0ls| 0 bt =1lalb 0 0
0 01 0 0 1 0 0 1.

In order for this to be in Dg, we must have that a/b € {i, —1,—i,1}. Hence every such matrix is of
the form

i*b 0 0 i* 0 0
0 bol=(0 10
0 01 0 0 b

for some power of k. If the block were anti-diagonal, a similar analysis shows that a/b = i* for some
k, hence it differs from a diagonal matrix as before by a transposition in the group. Altogether, we
get that the normalizer is given by

1 00 1 00
Npgrs(Ds) = Dsg - < 01 0],/0 1 0 > .
0 0 = 0 0 =
We therefore obtain a short exact sequence

(B.4) 0— Dg — NPGL3 (Dg) — C* — 0.

)

Putting everything together, we get that UZZ has dimension 10. (]

Proposition B.7. USZ is irreducible and 2-dimensional.
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5 0 0
Cg=< 01 0 >§PGL3.
0 0 G

Since this generator cubed is the generator of ('3 in Proposition B.2, we can only obtain smooth
symmetric quartics in the trivial eigenspace for this character. Hence if powers of z exist, they must
be z3’s. Among the remaining monomials, they break into character eigenspaces:

Proof. We have that

W,, = span{z®y,y"}

WXCS = span{a:4, ‘ryga yz3}
Wy, = span{ay? 2%
9

Interestingly, the only smooth quartics are not in the identity character eigenspace, but in the
character eigenspace where the action of the generator scales the form by CS. We therefore obtain
that Ug 3 is 2-dimensional.

The normalizer necessarily coincides with the centralizer, which we can see is the diagonal torus.
Thus

* 0 0
Npcr, (Cy) = 0 = 0 = ((CX)2.
0 0 =
Therefore UQ(ZQ) is 8-dimensional. O
Proposition B.8. UQIT 4 is irreducible of dimension 2.
Proof. The Type V Pauli group is given by
-1 0 0 i 0 0 010
P:< 0 1 .0),10 — 0,1 0 O >§PGL3.
0 0 1 0 0 1 0 01

Observe that the dihedral group in Proposition B.6 is a subgroup of this group P, hence any smooth
symmetric quartics lie in the trivial eigenspace for this group, which was a 4-dimensional vector
space spanned by =% 4+ y%, 2%y?, xy2z?, and 2*. There are two relevant character eigenspaces for the
Pauli group, corresponding to whether the order two element x — —x scales the generator by +1 or
—1. We obtain

Wy, = span{ac4 + y4, x2y2, 24}
W,_, = span{zyz?}.

Hence we again land in the trivial character eigenspace for the group, which in this case has
dimension dim U{ 4= 2.
To compute the normalizer, we observe the center of the Pauli group is cyclic of order 4,

1 00
generated by [0 1 0 ]. In particular the normalizer has the same block diagonal structure as in
0 0 ¢

Equation (B.3). There is therefore a map
NPGL3 (P) — PGLo

A 0
<0 1>'—>A,
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and its image consists of every 2 x 2 matrix which normalizes the 2 x 2 upper left blocks of the
elements of the Pauli group when considered in PGLy. It is clear though that the first two generators
of P become identified under this map to PGLq, hence the image is the normalizer of the image of
P, which is a Klein 4-group. We therefore obtain a short exact sequence

0—-C*— NPGL3 (P) — NPGL2 (K4) — 0.

We can compute that the normalizer of K, is given by the rigid symmetries of the fixed points of
the involutions in Ky, which is precisely the octahedron on P! with vertices {0, 41, 4, c0}. Thus
Npcr, (K4) = Sy is the octahedral group, and we obtain a non-split short exact sequence

(B.5) 0 — C* — Npgr,(P) — Sy — 0.
With this we obtain that UQ(Z) has dimension 9. O

Proposition B.9. U; 4 is irreducible and 1-dimensional.

Proof. Here our Sy is given by

0 01 0 -1 0
S4:< 10 01,11 0 O >§PGL3.
010 0 0 1

Since Sffb = (y is detected on transpositions, which lie in conjugates of the S3 from Proposition B.4,
we conclude that the smooth Sy-symmetric quartics must all lie in the trivial character eigenspace
for Sy. Such forms are symmetric in cycling z,y, z, and are invariant with swapping x with —y. It
is clear that the vector space of such forms is

span{z? + y* + 24 22y% + 2222 + o222},

Hence U;j is 1-dimensional.

Since the projective representation of S, given here is irreducible, Schur’s lemma says that the
endomorphisms of this representation (after lifting to GL3) are all scalar multiples of the identity
matrix. That is, every linear matrix in GL3 commuting with this copy of Sy is a linear multiple of
the identity, and thus the centralizer of Sy in PGLg is trivial. Since Sy is complete, we therefore
obtain that

Npgr, (S1) = Sy

Thus Uz(ff) is 9-dimensional. O

Proposition B.10. We have that UQC: 3©A4 is irreducible and 1-dimensional.

Proof. The Type III group is given by

i =14 1+i =1
2. 2. 2 . 2 .

C4©A4=< oo | 5 =S o >§PGL3
0 0 G 0 0 ¢

In particular the Pauli group in Proposition B.8 is a subgroup of this group, hence the smooth
C4 ® Ag-symmetric quartics lie in the trivial character eigenspace for the Pauli group, which was
generated by z% + y*, 22¢y2, and z*. Let M be the first generator of the group above:
14i —1+3
YR eI
=4 ,
0 €

—
O | N
.
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so that Cy ® A4 is generated by P and M. Then we can divide into three eigenspaces depending
upon how M acts on the relevant forms. Under the change of basis above, we can compute that

1 1
M- (z* +y*) = =5 (2" + ") — s (& + o) + 327 + 4/

2 2
M- +97) = (" + ") — 5o
M - 24 = (32t
Hence in the 3D basis for the trivial eigenspace for P, we have that M is represented by the matrix
1 3 9
T 1
o <03

The eigenvalues are therefore (3 and C%, and the eigenspaces are given by
M, = span{z? + y* — 2iv3x2y?, 24}
Mz = span{z? + y* + 2iv/32%y?}.

The latter is singular, so UQC j@A“ is 1-dimensional.
To compute the normalizér, we remark that the Pauli group is the unique Sylow 2-subgroup of
C4 ® Ay, therefore
NpaL; (Cs © Ag) € Npar, (P).

However we can observe that every normalizer of the Pauli group will also normalize Cy ® A4. Thus

U. 2(24@‘44) is 8-dimensional. O

U(iidxsii)

9 is a closed 8-dimensional

X2 q.
Proposition B.11. We have that US 1 3 55 a single point, and
subvariety of Us 4.

Proof. The Type II quartic’s automorphism group is given by

001 —i 0 0
(J4X2>483:< 1 oof,[o 01 >§PGL3.
010 0 i 0

Observe that the Sy from Proposition B.9 is a subgroup of this group as listed above, hence we can
consider the character eigenspace

span{z? + y* + 24, 22?4 2222 + 4222,

and consider how the additional generator of C’4X2 X S4 acts on these elements. Let

- 0 0
01
i 0
Then

N-(@*+y*+2Y) =2t 4oyt 4 24
N - (2%y? + 2222 + y%22) = —22y? + 2227 — 222

This latter action is not even in an eigenspace for a 1-dimensional character. Thus there is a unique
Type II quartic, given by z* + y* + 2%,

The normalizer of this group is the group itself, since if any other matrix normalized it, then the

image of the Type II quartic under that matrix would again be the Type II quartic, however this
(Cy2%S3)
4

)

cannot happen as the quartic is unique. We conclude then that U. is 8-dimensional. [l
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. PSL(7) . . . PSL . : .
Proposition B.12. We have that U2§ 2 s a single point, and U2( 4S 2 i5 a closed 8-dimensional
subvariety of Us 4.

Proof. We have that PSLa(7) is as presented in [BB26, 2.4]. It is simple and perfect so abelianizes
to the identity, hence any symmetric quartic must lie in the trivial character eigenspace. It is
straightforward to see that the only quartic form fixed by this group is the Klein quartic. By an
analogous argument to Proposition B.11, the normalizer is then the group itself, and UQ(ZSI”(?)) is

8-dimensional. i
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