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Abstract. We study versions of binomial and multichoose coefficients for finite G-sets, extending
a result of Siebeneicher from the 1970’s concerning the duality between these operations. If the

group G comes from a finite Galois extension of fields, the Dress map provides a bridge from
G-sets to quadratic forms over the base field. We show that this Dress map is compatible with

binomial coefficients of finite G-sets and a particular operation on quadratic forms we define. This

allows us to extend the definition of Brugallé and Wickelgren’s quadratically enriched binomial
coefficients to arbitrary Grothendieck–Witt classes. This allows for a new proof that quadratically

enriched binomial coefficients depend only on the trace form of the inputted étale algebra, as well

as an elegant reproof of a result of Chen and Wickelgren about binomial coefficients over finite
fields.
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Introduction

Central to the combinatorial theory of finite sets are the operations of “choosing without
replacement” and “choosing with replacement”. Formulaically, we know these operations by the
name of binomial coefficients and multiset coefficients, respectively. These operations are dual in
a formal sense, and underlie a number of other dualities in mathematics, including the duality
between symmetric and exterior powers (of vector spaces, representations, etc.). These operations
can also be explored in the theory of equivariant combinatorics, i.e. the combinatorial theory of
finite G-sets (or more generally, combinatorial structures with G-action) where G is a (finite) group.
In the equivariant setting, the aforementioned duality is more subtle, and was well-studied in the
20th century [Knu73; Sie76; Lai79]. In Section 1, we introduce this theory and its connections with
contemporary ideas in equivariant algebra.

In Section 2, we turn our attention to the Dress map, which, for a finite G-Galois extension of
fields L/k, is a morphism of E∞-rings from the G-fixed points of the G-equivariant sphere spectrum
to the Hermitian K-theory spectrum of k:

DL/k : SGG → KO(k).

We construct this map at the categorical level, and obtain DL/k by applying K-theory. Dress first
developed and explored the properties of this map on π0, where its domain is the Burnside ring
A(G) = π0(SGG) and its codomain is the Grothendieck–Witt ring GW(k) = π0 KO(k). The ring
map π0(DL/k) : A(G) → GW(k) is an important fixture in the connection between equivariant and
motivic homotopy theory [HO15; HO18]

Recent work in the theory of quadratically-enriched Gromov-Witten theory has led to interest
in structures on GW(k) akin to binomial coefficients [CW24; BW25]. We exhibit π0DL/k as a
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pre-λ ring homomorphism, between the “binomial” pre-λ ring structure on the Burnside ring, and a
new pre-λ ring structure on the Grothendieck–Witt ring we define. As an immediate corollary, we
provide a new proof that quadratically enriched binomial coefficients are invariants only of the trace
form of an étale k-algebra, not of the étale k-algebra itself. This allows for a lightweight reproof of
Theorem 1.1 in [CW24].
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Combinatorics arises from the attempt to qualify various operations that can be carried out on
finite sets of objects: for instance choosing k objects from a set of n objects, allowing or disallowing
repeats. There is a formal duality between these two procedures, encoded very elegantly in a duality
between elementary symmetric and elementary homogeneous symmetric polynomials.

When the finite sets in question are equipped with additional symmetry coming from an action
of a finite group, this duality is more mysterious and less understood. Just as finite sets create the
integers by taking isomorphism classes and group completing, finite G-sets create a commutative
ring called the Burnside ring, denoted A(G). Exterior and symmetric operations of finite G-sets are
each naturally framed as an additional structure on the Burnside ring, known as a pre-λ structure.
These more general operations originate in algebraic K-theory and representation theory, where
they are intended to mimic operations like binomials or symmetric powers [Gro58; BGI71; AT69].
We situate the exterior and symmetric duality in the general language of pre-λ rings, focusing on
the Burnside ring of a finite group. Our main result in this section (Theorem 1.18) is an extension
of Siebeneicher’s theorem (Theorem 1.17) which explores for which finite groups the exterior and
symmetric pre-λ structures on the Burnside ring A(G) are dual to one another.

1.1 The Burnside Ring For a finite group G, we denote by FinG the category of finite G-sets
and equivariant functions between them. This has a coproduct given by disjoint union, and a
product given by cartesian product. If we take isomorphism classes of objects, we obtain a semiring
(π0Fin

≃
G,⨿,×). Group completing yields the Burnside ring of G, denoted A(G) := K0(π0Fin

≃
G,⨿,×).

To be explicit, an element of the Burnside ring of G is a formal difference of isomorphism classes
of finite G-sets. For convenience, we will not usually distinguish between a finite G-set and its
isomorphism class – for example, we may truthfully write G/e ∈ A(G). When necessary for clarity,
we will use square brackets to denote isomorphism classes, e.g. we may also write −3[G/e] ∈ A(G).
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For any subgroup H ≤ G, we obtain a mark homomorphism, which is a ring homomorphism

ϕH : A(G) → Z,

defined by sending a finite G-set X to the number |XH | of H-fixed points of X. As H varies over
conjugacy classes of subgroups of G, the mark homomorphisms jointly determine the Burnside ring.
More explicitly:

Proposition 1.1 ([Dre71, 5.1]). Let G be a finite group, and C(G) the set of conjugacy classes of
subgroups of G. Then

ϕ := (ϕH)[H]∈C(G) : A(G) →
∏

[H]∈C(G)

Z

is an injective ring homomorphism. Moreover, ϕ is a rational isomorphism.

As an abelian group, the Burnside ring is free of rank equal to the size of C(G). As a ring, we
understand its prime ideals very well:

Proposition 1.2 ([Dre71, 5.2]). For any (conjugacy class of) subgroup H ≤ G, and any prime
number p, we define the ideals

IH,0 := ker(A(G)
ϕH

−−→ Z)

IH,p := ker(A(G)
ϕH

−−→ Z → Z/p).

Then every prime ideal in A(G) is of the form IH,0 or IH,p for some H and p.

Given a finite G-set X, we can form its permutation representation. This yields the linearization
map

θ : A(G) → RC(G),

which is in general neither injective nor surjective. The character of a permutation representation
has a simple formula in terms of the mark homomorphisms:

χθ(X)(g) = ϕ⟨g⟩(X),

where ⟨g⟩ is the cyclic subgroup generated by g. Thus we can describe the kernel of linearization in
terms of marks:

ker(θ) =
⋂

C≤G
C cyclic

IC,0.

1.2 Choosing G-sets Let X be a finite G-set and k a natural number. Then we may consider
the set of all k-element subsets of X, which we denote

(
X
k

)
, i.e.(

X

k

)
= {S ⊆ X : |S| = k}.

This has a natural G-action, given by

gS = {gs : s ∈ S}.
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Example 1.3. Let G[2] ⊆ G be the subset of elements of order ≤ 2. Then we have an isomorphism
of G-sets: (

G/e

2

)
∼=

#G−#G[2]
2∐

i=1

G/e⨿
∐
C≤G
|C|=2

G/C.

Proof. Given an unordered tuple {x, y} of two elements in G, we can inquire about its stabilizer. If
g ∈ G satisfies g{x, y} = {x, y}, we find ourself in one of two positions:

(1) gx = x and gy = y so g = e,
(2) gx = y and gy = x, so g = yx−1 is 2-torsion.

From this observation the result follows. □

We similarly have an analogue of “n choose k with multiplicity,” given by the symmetric power
X×k/Σk.

Notation 1.4. Given a finite G-set X and some k ≥ 0, we denote by ε and σ the exterior and
symmetric operations:

εk(X) =

(
X

k

)
σk(X) = X×k/Σk.

Observe when k = 0, we obtain the singleton set G/G.

On the representation ring R(G), we similarly have exterior and symmetric operations, given by
taking exterior and symmetric powers of representations, which we denote by ε and σ as well.

Proposition 1.5. Given a finite G-set X and some k ≥ 0, we have that linearization commutes
with symmetric powers:

θ(σk(X)) ∼= σk(θ(X)),

however linearization need not commute with exterior powers.

This appears to be first noted by Siebeneicher in [Sie76]. A simple example where we can see the
failure of linearization to commute with exterior products is the case of C2/e — the permutation
representation of ε2(C2/e) is trivial, but ∧2C[C2/e] is the sign representation.

The operations εk and σk can be defined for virtual G-sets and virtual representation as well,
hence they extend to functions from the Burnside ring or representation ring to itself. The collection
of such operations is formalized by the idea of a pre-λ-structure.

1.3 Pre-λ Structures Pre-λ-structures were first defined by Grothendieck in his work on Chern
classes, as a way to encode the common algebraic structures enjoyed both by K-groups and
representation rings [Gro58, p. 148]. They further appeared in work of Atiyah and Tall, where they
found connections to Adams operations and the J-homomorphism [AT69, §1].

Definition 1.6 ([Knu73, p.7]). A pre-λ-ring is a commutative unital ring A together with a series
of operations

λn : A → A,

for n ≥ 0, satisfying

(PL1) λ0(x) = 1
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(PL2) λ1(x) = x
(PL3) λn(x+ y) =

∑n
j=0 λ

j(x)λn−j(y).

Rather than a ton of functions valued in A, we can repackage the entire data of the pre-λ-structure
as a single function valued in formal power series. Explicitly, we define λt as the following:

(1)

λt : A → A[[t]]

x 7→
∑
n≥0

λn(x)tn.

With this new notation in mind, it is easy to see that PL3 can be rephrased as

(PL3) λt(x+ y) = λt(x)λt(y).

Example 1.7. The following rings and λt’s define pre-λ structures:

(1) λt(n) = (1 + t)n in Z[[t]]. This is called the binomial pre-λ structure.
(2) Given any formal power series f(t) ∈ Z[[t]], we have that λt(n) = f(t)n defines a pre-λ

structure on Z.
(3) λt(x) = etx ∈ R[t]

Definition 1.8. A homomorphism of pre-λ rings f : (R, λ) → (S, µ) is a ring homomorphism
f : R → S so that f(λn(x)) = µn(f(x)) for any n ≥ 0 and any x ∈ R. This allows us to define a
category PreλRing.

Over every commutative ring, pre-λ structures come in pairs, given by the structure λ and what
we will call its dual λ⋆, to be defined below. While this duality is well-known to experts (c.f. [Haz09,
p. 412], we find it useful to spell out the key properties, in particular how it interchanges exterior
and symmetric structures.

Definition 1.9. Let (A, λt) be any pre-λ ring. We define the dual pre-λ structure λ⋆
t on A by the

formula

(λ⋆)n(x) = (−1)nλn(−x)

for any x ∈ A and n ≥ 0. We remark that λ⋆
t can be thought of as

(2) λ⋆
t (x) = λ−t(−x) = λ−t(x)

−1,

where λ−t(y) is shorthand for λt(y) |t 7→−t.

Proposition 1.10. The assignment

(A, λt) 7→ (A, λ⋆
t )

defines a functor PreλRing → PreλRing which preserves underlying ring homomorphisms. This
morphism squares to the identity and can have fixed points only at rings of characteristic two.
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Proof. We first check λ⋆
t is indeed a pre-λ ring structure. It is immediate to see that PL1 and PL2

hold. To check PL3 it is easier to use the first characterization:

λn
⋆ (x+ y) = (−1)nλn(−x− y) = (−1)n

n∑
j=0

λj(−x)λn−j(−y)

=

n∑
j=0

(−1)jλj(−x)(−1)n−jλn−j(−y)

=

n∑
j=0

λj
⋆(x)λ

n−j
⋆ (y).

The lack of fixed points outside of characteristic two follows from PL2. This shows that (−)⋆

is involutive on objects, so we just verify functoriality. For any morphism f : (R, λ) → (S, µ) of
pre-λ-rings, and any r ∈ R, we have

f(λ⋆
t (x)) = f(λ−t(x)

−1) = f(λ−t(x))
−1 = µ−t(f(x))

−1 = µ⋆
t (f(x)),

as desired. □

Example 1.11. Let λt be the binomial pre-λ structure on Z. Then its dual is given by

(λ⋆)k(n) =

(
n+ k − 1

k

)
.

That is, it counts with multiplicity.

Proof. As λk
⋆(n) = (−1)nλk(−n), we just have to determine what is meant by the binomial of a

negative number in the binomial pre-λ structure. By PL1 and PL3, we have, for k ≥ 1, that

0 = λk(n− n) =

k∑
j=0

λj(n)λk−j(−n),

and we find inductively that λk(n) = (−1)n
(
n+k−1

k

)
. □

Remark 1.12. There is a stronger notion of a λ-ring, which we wil not define or use in this paper;
we remark for the reader who is familiar with this definition that the duality (−)⋆ : PreλRing →
PreλRing does not preserve the subcategory of λ-rings. This can be seen, for instance, using
uniqueness of the λ-structure on Z given by binomials, together with the previous example.

Example 1.13. Let R(G) be the complex representation ring of a group G, and define the exterior
pre-λ structure by

λn([V ]) = [

n∧
V ].

Then λn
⋆ ([V ]) = [Symn V ].

Proof. By Equation (2) it suffices to see that 1 = λ⋆
−r(V )λt(V ) for any V . The coefficient on n ≥ 1

in the right hand side of this expression is given by

n∑
j=0

(−1)j Symj([V ])⊗
n−j∧

V,

which vanishes in the representation ring (see for instance [Knu73, p.31]). □
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Both Example 1.11 and Example 1.13 touch on a duality in mathematics between choosing
and choosing with repetition. We would like to axiomatize this a bit more in the context of pre-λ
structures as it will be useful when investigating pre-λ structures on the Burnside ring of a group.
To that end, we make the following definition (c.f. the theory of λ-rings and σ-rings in [Haz09,
16.4]).

Definition 1.14. Let Zbinom ∈ PreλRing denote the integers equipped with the binomial pre-λ ring
structure. Let Zmulti denote the integers equipped with the multiset coefficients pre-λ structure.

(1) We refer to the slice category PreλRing/Zbinom
as the category of exterior pre-λ structures.

(2) We refer to PreλRing/Zmulti
as the category of symmetric pre-λ structures.

Spelling this out, we say a pre-λ ring (R, λt) is exterior if it comes equipped with an augmentation
(a ring homomorphism) R → Z which is a pre-λ ring homomorphism when Z is equipped with the
binomial structure (c.f. [Knu73, p. 20]).

Clearly a pre-λ ring can be either exterior or symmetric but not both, and many pre-λ rings
may not have either property, for instance if they don’t admit an augmentation. An immediate
observation is the following:

Proposition 1.15. The duality (−)⋆ restricts to an isomorphism of categories

(−)⋆ : PreλRing/Zbinom

∼−→ PreλRing/Zmulti
.

In other words, a pre-λ ring structure is exterior if and only if its dual is symmetric.

Example 1.16. The exterior and symmetric powers on the representation ring R(G) are, of course,
exterior and symmetric, respectively. The augmentation exhibiting this is the natural one given by
taking the rank of a representation.

1.4 Pre-λ Structures on the Burnside Ring Recall the Burnside ring had these exterior and
symmetric pre-λ structures defined in Notation 1.4. Linearization defines a pre-λ ring homomorphism

θ : (A(G), σt) → (R(G), σt),

therefore we can deduce the existence of two new pre-λ structures from the failure of linearization
to preserve exterior powers:

• there is a dual exterior pre-λ structure ε⋆t on A(G),
• there is a dual symmetric pre-λ structure σ⋆

t on A(G).

These four pre-λ structures εt, ε
⋆
t , σt, σ

⋆
t , are all different in general. The dual symmetric structure

σ⋆
t was first explored by Siebeneicher [Sie76], where he proved the following theorem:

Theorem 1.17. For a finite group G, we have that εt = σ⋆
t on A(G) if and only if |G| is odd.

We strengthen this result as follows:

Theorem 1.18. Let G be a finite group, then the following are equivalent:

(1) (A(G), εt) and (A(G), σ⋆
t ) are isomorphic in PreλRing

(2) |G| is odd.

To prove this, we first define normalized automorphisms of the Burnside ring, following [KR95].

Proposition 1.19. Let f : A(G)
∼−→ A(G) be a ring automorphism of the Burnside ring of a group.

Then the following are equivalent:

(1) f(G/e) = G/e
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(2) f(Ie,0) = Ie,0, that is, f preserves the augmentation ideal
(3) f commutes with the augmentations to the integers, that is, the diagram commutes

A(G) A(G)

Z.

f

χe χe

If any of these conditions hold, we say that f is normalized.

Proof. Equivalence of the latter two is immediate. For equivalence with the first statement, we recall
that any automorphism of the Burnside ring extends to an automorphism of the ghost ring, where
it is obtained by permuting coordinates. Since G/e has a single nonzero mark, its image f(G/e)
also has a single nonzero mark. If (3) holds, then the e-mark of f(G/e) is equal to the e-mark of
G/e and all other marks are zero, therefore f(G/e) = G/e. Conversely if f(G/e) = G/e, then by
extending f to an automorphism on the Burnside ring, we see it fixes the coordinate corresponding
to e-marks, which is equivalent to (3). □

It is a result of Kimmerle and Roggenkamp that if C ≤ G is cyclic, and f is a normalized
automorphism of A(G), then f([G/C]) = [G/C ′] for some other cyclic subgroup C ′ ≤ G [KR95, 4.1].
We provide a self-contained proof in the case where C is cyclic of order two, which is the only case
needed to prove Theorem 1.18.

Proposition 1.20. Let G be a finite group and f : A(G)
∼−→ A(G) a normalized automorphism.

Then for any subgroup C ≤ G of order two, we have that f([G/C]) = [G/C ′] where C ′ ≤ G is also
of order two.

Proof. Since f extends to the ghost ring, f([G/C]) has exactly two nonzero marks. As f is
normalized, it preserves the e mark, so

ϕef([G/C]) = |G|.
There is some other H for which ϕHf([G/C]) = ϕC([G/C]) = |NG(C)|/2, and all other marks
beyond e and H are zero. Writing

f([G/C]) =
∑
K

aK [G/K],

we can pick a maximal subgroup M ≤ G in the subconjugacy poset (a priori there could be multiple)
for which aM ̸= 0. Taking M -marks, we get

ϕMf([G/C]) =
∑
K

aKϕM [G/K]

Note that

ϕM ([G/K])

{
> 0 : M ≤ K in the subconjugacy poset (i.e. M is subconjugate to K)

= 0 : else.

Therefore we get

ϕMf([G/C]) =
∑

K≥M

aKϕM ([G/K])

If K > M then aK = 0 by hypothesis, therefore we get

ϕMf([G/C]) = aMϕM ([G/M ]) ̸= 0,
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so M = e or M = H (in the subconjugacy poset). Therefore

f([G/C]) = ae[G/e] + aH [G/H].

If e ⪇ K ⪇ H, then ϕK(f([G/C])) = 0 since there are only two nonzero marks, but then

0 = ϕK(ae[G/e] + aH [G/H]) = aHϕK([G/H]).

Since ϕK(G/H) ̸= 0, this implies aH = 0, but then |NG(C)|/2 = ϕH(f([G/C])) = 0 is a contradiction.
Thus there are no proper nontrivial subgroups of H, hence H is cyclic of some prime order p. Taking
e marks and using that we are normalized, we get

ϕef([G/C]) = ae|G|+ aH
|G|
p

= ϕe([G/C]) =
|G|
2

.

Rearranging, this gives us
2pae + 2aH = p,

hence p is even, therefore equal to 2. Now taking H-marks, we learn that aH is positive:

aH
|NG(H)|

2
= ϕH(f([G/C])) =

|NG(C)|
2

> 0 =⇒ aH > 0.

Using the fact that f−1 is also a normalized automorphism of A(G), we obtain

[G/C] = f−1(f([G/C])) = f−1(ae[G/e] + aH [G/H]) = ae[G/e] + aHf−1([G/H]),

which we can rearrange as

f−1([G/H]) =
1

aH
[G/C]− ae

aH
[G/e].

Since f−1([G/H]) is an element of the Burnside ring, 1
aH

must be an integer. Since aH is a positive

integer, we conclude that aH = 1. It follows (by looking at e-marks again) that ae = 0, and we
conclude that f([G/C]) = [G/H], as desired. □

Lemma 1.21. If f : (A(G), εt)
∼−→ (A(G), σ⋆

t ) is an isomorphism of pre-λ rings, then f is a normalized
automorphism of the Burnside ring.

Proof. Let A(G)
θ−→ R(G) denote the complex linearization map, sending a finite G-set to its

permutation representation. Recall this is a map of pre-λ rings, where A(G) is equipped with
the Siebeneicher (resp. symmetric) power structure and R(G) is equipped with the exterior (resp.
symmetric) power structure. As previously discussed, the kernel K = ker(θ) of the complex
linearization map is of the form

K =

n⋂
j=1

ICj ,0,

where C1, . . . , Cn is a complete class of representatives for all the conjugacy classes of cyclic subgroups
of G, and without loss of generality let’s assume C1 = {e}. The equality above holds because a
representation is zero if and only if all its characters are zero, and these are just marks for cyclic
groups.

Note the following – since the symmetric or exterior powers of the zero representation are still
zero, and the complex linearization map is a map of pre-λ rings, this implies that K is closed under
Siebeneicher operations.
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Now consider the composite

(A(G), εt)
f−→ (A(G), σ⋆

t )
θ−→ (R(G),∧t).

Then f−1(K) is some ideal in A(G), which is closed under taking exterior powers. Moreover by
Proposition 1.2, we have that f−1(K) is of the form

f−1(K) =

n⋂
j=1

IHj ,0,

for some conjugacy classes of subgroups Hj ≤ G. We first claim that one of the Hj ’s is equal to {e}.
Suppose towards a contradiction none of them were. The finite G-set G/e has no H-fixed points for
any non-identity subgroup H, hence [G/e] ∈

⋂n
j=1 IHj ,0. However it is clear that ε

|G|([G/e]) = [G/G]

has nonzero marks for every group, hence cannot lie in f−1(K), which contradicts its closure under
exterior operations.

So now Hj = {e} for some j. Since f is an automorphism, we necessarily have that

f(Ie,0) = ICr,0

for some other cyclic group Cr. We claim that Cr = {e}, which would tell us that f preserves
the augmentation ideal, and therefore is normalized by Proposition 1.19. Suppose towards a
contradiction that Cr ̸= {e}. Note that Ie,0 is closed under exterior powers, precisely because it is
the kernel of the pre-λ ring map to Z with the binomial structure (in general IK,0 will not be closed
under exterior powers unless K = {e}). Then by necessity, ICr,0 is closed under dual symmetric
operations, and therefore symmetric operations. Note that since Cr ̸= {e} by hypothesis, we have
that G/e ∈ ICr,0. However if s = |Cr|, then it is clear that σs(G/e) has a Cr-fixed point given by a
tensor corresponding to a coset of Cr in G. This is a contradiction, therefore Cr = {e} and f is
normalized. □

We can now prove our extension of Siebeneicher’s theorem.

Proof of Theorem 1.18. One direction is clear, so it suffices to argue if an isomorphism of pre-λ rings
exists then |G| is odd. By Lemma 1.21 any isomorphism of pre-λ rings f : (A(G), εt)

∼−→ (A(G), σ⋆
t )

is normalized. If such an isomorphism existed, then we can extend it to a ring automorphism of
A(G)[[t]] fixing t, and being an automorphism of pre-λ rings translates into the condition that

f(εt(x)) = σ⋆
t (f(x)) = σ−t(f(x))

−1.

In other words f(εt(x))σ−t(f(x)) = 1. Expanding this expression a bit, we see that(
1 + f(x)t+ f

((
x

2

))
t2 + . . .

)(
1− f(x)t+ σ2(f(x))t2 − · · ·

)
= 1

In particular the coefficient on t2 must vanish. Plugging in x = G/e into this coefficient, we
necessarily have that

(G/e)2 − f

((
G/e

2

))
= σ2(G/e).

We understand this binomial by Example 1.3, and it’s not hard to see that σ2(G/e) =
(
G/e
2

)
+ [G/e]

Letting G[2] ⊆ G denote the subset of 2-torsion elements, including the identity, we can rearrange
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to obtain:

(#G[2]− 1)[G/e] =
∑
C≤X
order 2

[G/C] + f

 ∑
C≤X
order 2

[G/C]

 .

Note however by Proposition 1.20 that f(
∑

C [G/C]) =
∑

C [G/C]. Therefore the above becomes

(#G[2]− 1)[G/e] = 2
∑
C≤X
order 2

[G/C].

If G is even order, then #G[2] > 2, the sum is nonempty, and the equality above cannot possibly
hold. The only way this can be valid is if #G is odd, in which case G[2] = {e}, so both the left and
right hand side vanish. □

2 The Dress Map

Contents

2.1 Unimod and the Scharlau Map 11
2.2 Pre-λ Structures on the Grothendieck–Witt Ring 13
2.3 The Dress Map as a Pre-λ-Ring Homomorphism 14
2.4 Computations with quadratically enriched binomial coefficients 16

The Grothendieck-Galois correspondence exhibits, for a field k, an equivalence of categories
between the category of finite sets equipped with a continuous action of the profinite absolute Galois
group of k, and the opposite category of finite étale k-algebras over k. For a finite Galois field
extension L/k, we can input a finite G-set and output a finite étale k-algebra associated to it. This
algebra has a natural trace form on it, which we can think about as living in the Grothendieck–Witt
ring of quadratic forms over k.1 We can see this at the level of spectra, where we will obtain a map
from the G-fixed points of the G-equivariant sphere spectrum to the Hermitian K-theory spectrum
of the ground field k.

At the level of π0, this map was first studied by Dress [Dre71, Appendix B]. We establish that it
is a pre-λ ring homomorphism for the exterior structure εt on A(G), and a new pre-λ structure bt
we define on GW(k).

Assumption: For this section we denote by k a field of characteristic ̸= 2.

2.1 Unimod and the Scharlau Map We denote by Unimodk the category whose objects are
finite-dimensional k-vector spaces equipped with non-degenerate symmetric bilinear forms, and
whose morphisms are isometries between these: explicitly, a morphism f : (V, α) → (W,β) is a
k-linear morphism f : V → W satisfying

β(f(v1), f(v2)) = α(v1, v2)

for every pair of vectors v1, v2 ∈ V . The category Unimodk admits finite biproducts given by direct
sum, where the bilinear form on (V, α)⊕ (W,β) is given by ⟨v1⊕w1, v2⊕w2⟩ = α(v1, v2)+β(w1, w2).
There is also a symmetric monoidal structure on Unimodk given by the tensor product of k-vector
spaces, whose bilinear form is defined by ⟨v1 ⊗ w1, v2 ⊗ w2⟩ = ⟨v1, v2⟩ · ⟨w1, w2⟩. The symmetric
monoidal structure distributes over direct sum.

1All of our fields have characteristic ̸= 2.
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Attached to any finite étale k-algebra E is its trace form trL/k, which we will see is a contravariant
assignment from finite étale k-algebras to Unimodk. This is a bit easier to describe via the Galois
correspondence.

Let Gs = Gal(ks/k) denote the absolute Galois group of k, and FinGs
the category of finite

sets equipped with a continuous Gs-action and equivariant maps between them. The fundamental

theorem of Galois theory states that there is an equivalence of categories FinGs
≃ FÉt

op

k given by
sending a finite Gs-set X to the k-vector space of Gs-equivariant maps from X to ks. This has an
algebra structure given by pointwise multiplication in ks.

Given a finite Gs-set X, we can define a bilinear form on MapGs
(X, ks) given by the formula

(3)

MapGs
(X, ks)×MapGs

(X, ks) → k

(f, g) 7→
∑
x∈X

f(x)g(x).

Proposition 2.1. Let X ∈ FinGs
correspond to a finite étale algebra E = MapGs

(X, ks) along
the Galois correspondence. Then the bilinear form in Equation (3) is the trace form of E, given
by sending a pair of elements in E to the trace of multiplication by their product, considered as a
k-linear endomorphism of E:

E × E → k

(e1, e2) 7→ Trk(multe1·e2).

Proof. It suffices to check this in the case that X is a transitive Gs-set, i.e. X = Gs/H for some
finite index open subgroup H ≤ Gs. In this case, E = (ks)H is a finite separable field extension of
k, and an equivariant map f : Gs/H → ks encodes a choice of element in ks fixed by H (the image
of the identity coset eH) together with its conjugates under the Galois action. The sum of these
elements is the trace of f(eH). □

This assignment is functorial, provided we restrict to the maximal subgroupoids of FinGs
and

Unimodk, and we refer to it as the Dress functor :

Proposition 2.2. The assignment in Equation (3) yields a well-defined functor which we call the
Dress functor

D : Fin≃Gs
→ Unimod≃k

X 7→ MapGs
(X, ks).

The groupoid core Fin≃Gs
⊆ FinGs

inherits symmetric monoidal structures given by cartesian
product and disjoint union, and the former distributes over the latter. Similarly, Unimod≃k inherits
tensor products and direct sums with the same distributivity. The Dress functor above is a functor
between tight symmetric bimonoidal categories, in the sense of [JY24, 2.1.2]. The Dress functor is
compatible with these structures:

Proposition 2.3. The Dress functor is strong bimonoidal:

D : (Fin≃Gs
,⨿,×) → (Unimod≃k ,⊕,⊗).

Proof. Seeing that D(X ⨿ Y ) ∼= D(X)⊕D(Y ) is immediate, since trace forms on a coproduct are
given by a block sum. For the other monoidal structure, there is clearly a vector space homomorphism

D(X)⊗D(Y ) → D(X × Y ),
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defined by

MapGs
(X, ks)⊗MapGs

(Y, ks) → MapGs
(X × Y, ks)

(f, g) 7→
[
(x, y)

f×g7−−−→ f(x) · g(y)
]
.

The fact that this defines an isomorphism of k-vector spaces is immediate by the Galois correspon-
dence. It therefore suffices to show that this map is a well-defined morphism in Unimodk. For this,
we compute directly for f1, f2 ∈ MapGs

(X, ks) and h1, h2 ∈ MapGs
(Y, ks), that:

⟨f1 ⊗ h1, f2 ⊗ h2⟩ =

(∑
x∈X

f1(x)f2(x)

)∑
y∈Y

h1(y)h2(y)


=

∑
(x,y)∈X×Y

f1(x)h1(y)f2(x)h2(y)

= ⟨f1 × h1, f2 × h2⟩.
□

By [JY24, 11.6.12, 11.6.14], the K-theory of the domain and codomain of the Dress functor are
E∞-ring spectra. We then obtain:

Corollary 2.4. Applying Elmendorff-Mandell K-theory to the Dress functor yields a map of
E∞-rings which we call the Dress map:

D : K(FinGs
) → KO(k).

Suppose now that L/k is a finite Galois field extension, corresponding to a normal subgroup
N ⊴ Gs with quotient G := Gs/N . This defines an embedding

FinG → FinGs

(equivalently, the inclusion of the subcategory of finite Gs-sets on which N acts trivially) which can
easily be seen to preserve the monoidal structures above on groupoid cores. Therefore we can obtain
a “restricted” Dress map

DL/k : K(FinG) → KO(k),

and by the tom Dieck splitting, the domain of this map is the G-fixed points of the equivariant
sphere spectrum SGG. The following is immediate:

Proposition 2.5. For a G-Galois extension L/k, the Dress map on π0 is of the form

π0DL/k : A(G) → GW(k),

and is a ring homomorphism.

It can also be seen that DL/k is nontrivial on π1 in general. We reserve discussion of this fact for
future work.

2.2 Pre-λ Structures on the Grothendieck–Witt Ring A very natural question to ask is
whether the Dress map in Proposition 2.5 is interpretable as a pre-λ ring homomorphism, which we
address in the next subsection. We first investigate which natural pre-λ ring structures arise on the
Grothendieck–Witt ring of a field.

There are immediate exterior and symmetric operations, which were explored by McGarraghy,
and defined as follows:
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Proposition 2.6 ([McG02; McG05]). We can define exterior and symmetric operations

εk(⟨a1, . . . , an⟩) =
∑

i1<i2<···<ik

⟨ai1 · · · aik⟩

σk(⟨a1, . . . , an⟩) =
∑

i1≤i2≤···≤ik

⟨ai1 · · · aik⟩,

which yield pre-λ structures on GW(k) which are dual to one another.

However these don’t appear to be related to the Dress map in any natural way. Work of Pajwani-
Pál defines an alternative pre-λ structure at which is compatible with the symmetric operations on
finite étale k-algebras (equivalently, finite G-sets).

Notation 2.7 ([PP25]). For a field k and a unit α ∈ k×, we denote by2

τα = ⟨2, α⟩ − ⟨1, 2α⟩ ∈ GW(k).

Theorem 2.8 ([PP25]). There is a well-defined pre-λ structure at on GW(k), defined on rank one
forms by

at(⟨α⟩) =
1

1− ⟨α⟩t
+ τα

t2

(1− t)3
.

Moreover if char(k) ̸= 2, then for any finite G-Galois extension L/k, the Dress map

π0DL/k : (A(G), σt) → (GW(k), at)

is a morphism of pre-λ rings.

In attempting to contrast this result with the quadratic binomial coefficients emerging in quadrat-
ically enriched Gromov-Witten theory, we reckon with the same issue as before, namely that the
exterior and symmetric structures on the Burnside ring are not dual. Nevertheless, we can define a
new pre-λ structure on GW(k) which is compatible with exterior operations!

2.3 The Dress Map as a Pre-λ-Ring Homomorphism

Definition 2.9. We define a new pre-λ structure on GW(k), denoted bt, by the formula

(4) bt(x) =
at(x)

at2(x)
.

On rank one forms, this is defined as:

bt(⟨α⟩) =
(t+ 1)2(⟨α⟩t2 − 1)((1 + τα)t

2 − 2t+ 1)

(⟨α⟩t− 1)((1 + τα)t4 − 2t2 + 1)
.

Proposition 2.10. The formula bt as above gives a well-defined pre-λ structure on GW(k) for
char(k) ̸= 2.

Proof. PL1-PL3 follow immediately from Equation (4). □

As a result, we obtain our main result:

2This quantity τα is denoted by tα in [PP25] — we use τ so as not to conflate it with the variable t.



OPERATIONS ON G-SETS AND THE DRESS MAP 15

Theorem 2.11. Let k be a field of characteristic ̸= 2, and let L/k be a finite Galois extension of k
with Galois group G. Then the Dress map

π0D : (A(G), εt) → (GW(k), bt)

is a well-defined pre-λ ring homomorphism.

Proof. In characteristic not equal to 2, we have by Theorem 2.8 that the Dress map is a morphism
of pre-λ rings with the symmetric and Pajwani-Pál power structures:

π0D : (A(G), σt) → (GW(k), at).

We claim on the Burnside ring that εt = σt/σt2 . For any finite G-set X and any subgroup H ≤ G,
we can compute the H-marks of εt(X) and σt(X) as

ϕHεt(X) =
∏

H·x⊆X

(1 + t|H·x|)

ϕHσt(X) =
∏

H·x⊆X

(1− t|H·x|)−1,

from which the result follows. □

In quadratically enriched Gromov-Witten theory, Brugallé and Wickelgren have defined quadrat-
ically enriched binomial coefficients for a finite étale k-algebra E. Explicitly, given E ∈ FÉtk
corresponding to a finite Gs-set X and j ≥ 0, they write

(
E/k
j

)
∈ GW(k) to denote the trace form

of the finite étale k-algebra associated to the Gs-set
(
X
j

)
= εj(X) [BW25; BRW25]. Our pre-λ

structure, when evaluated on the trace form of E, therefore has the following interpretation in terms
of quadratically enriched binomial coefficients:

bt(trE) =
∑
j≥0

(
E/k

j

)
tj .

As an immediate corollary, we obtain a new way to see the following, which is a corollary of a result
of Serre regarding Witt invariants [GMS03, 29.2] (c.f. [BRW25, 5.4]).

Corollary 2.12. For any field k of characteristic ̸= 2, pick any two étale k-algebras E1 and E2 with
the property that their trace forms trE1

and trE2
are equal in GW(k). Then for any j, we have that(

E1/k

j

)
=

(
E2/k

j

)
in GW(k).

In fact, the pre-λ structure bt turns out to be very computable on rank one forms, as it is
eventually 4-periodic:

Proposition 2.13. On rank one forms, our pre-λ structure b satisfies:

bn(⟨α⟩) =



1 n = 0

⟨α⟩ n = 1

⟨2⟩ − ⟨2α⟩ n ≡ 2 (mod 4), n ≥ 2

⟨2α⟩ − ⟨2⟩ n ≡ 3 (mod 4), n ≥ 2

1− ⟨α⟩ n ≡ 0 (mod 4), n ≥ 2

⟨α⟩ − 1 n ≡ 1 (mod 4), n ≥ 2.
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Proof. Plugging in the formulas from Theorem 2.8, and after some minor simplification, we get that

bt(⟨α⟩) =
(t+ 1)2(⟨α⟩t2 − 1)((1 + τα)t

2 − 2t+ 1)

(⟨α⟩t− 1)((1 + τα)t4 − 2t2 + 1)
.

The power series with the periodic expression in the proposition is

1 + ⟨α⟩t+ t2
(
(⟨2⟩ − ⟨2α⟩) + (⟨2α⟩ − ⟨2⟩)t+ (1− ⟨α⟩)t2 + (⟨α⟩ − 1)t3

1− t4

)
=

t4 + (1 + ⟨α⟩)t3 + (2 + τ)t2 + (1 + ⟨α⟩)t+ 1

t3 + t2 + t+ 1

Cross-multiplying this guess with the honest formula for bt(⟨α⟩), we get a complicated polynomial
expression in t, but it is straightforward to see that all of the coefficients vanish using the basic
properties of τα established in [PP25, §3]. □

2.4 Computations with quadratically enriched binomial coefficients In this section we
provide a short reproof of [CW24, Theorem 1.1]. As in that paper, we write 1 to mean ⟨1⟩ and n to
mean n⟨1⟩ in GW(k) for n ∈ Z.

Theorem 2.14 ([CW24, 1.1]). Let q be a prime power of odd order, and let u ∈ GW(Fq) be the
unique rank one form not equal to the identity. For any n, j ≥ 0, we have(

Fqn/Fq

j

)
= bj trFqn/Fq

=

{(
n
j

)
n odd(

n−1
j

)
+
(
n−2
j−2

)
+ u
(
n−2
j−1

)
n even.

Proof. If n is odd, then the trace form of the extension Fqn/Fq is n, hence this follows directly from
induction on the expression bt(1) = 1 + t. If n is even, the trace form is (n− 1) + u. Using PL3, we
have

bj((n− 1) + u) =

j∑
i=0

bi(n− 1)bj−i(u) =

j∑
i=0

(
n− 1

i

)
bj−i(u).

Since over a finite field ⟨1, 2α⟩ = ⟨2, α⟩ for any α ∈ F×
q , we have that the periodicity on bn from

Proposition 2.13 becomes twofold periodicity for n ≥ 2. With that in mind, the formula above
becomes: (

n− 1

j

)
+

(
n− 1

j − 1

)
u+ (−1)j(1− u)

j−2∑
i=0

(−1)i
(
n− 1

i

)
.

We can use the binomial identity
∑j−2

i=0 (−1)i
(
n−1
i

)
= (−1)j−2

(
n−2
j−2

)
. Plugging this in above, we get(

n− 1

j

)
+

(
n− 1

j − 1

)
u+ (1− u)

(
n− 2

j − 2

)
,

which simplifies to the expression in the statement of the proposition by Pascal’s identity. □
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[Gro58] Alexander Grothendieck. “La théorie des classes de Chern”. In: Bulletin de la Société
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